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INTRODUCTION 


IN THE LAST several decades there has 
arisen much concern over the importance 
of understanding and meaning in mathe- 
matics as developed by the student him- 
self. One need only refer to such studies as 
those of Fawceett,' Sobel,? Schaaf,’ and 
others to note experimentation at the high 
school level on encouraging a maximum of 
student discovery and student organiza- 
tion of materials. Results of these investi- 
gations suggest that the student gains 
deeper understanding when he is _ per- 
mitted to organize mathematical ideas in 
his own way and that this is accomplished 
with no loss of problem-solving pro- 
ficiency. Too, and perhaps most important 
of all, the student who seeks to defend 
what he himself has formulated experiences 
the deep-seated joy of creativity and de- 
velops a realistic insight into how mathe- 
matics grows. 


ORIGIN OF THE STUDY 


In attempting to encourage advanced 
mathematical study by interested and 
able students the writer devised a one- 
semester course in polynomial calculus as 


1 Harold P. Fawcett, The Nature of Proof, Thir- 
teenth Yearbook (Washington, D. C.: National Coun- 
cil of Teachers of Mathematics, 1938). 

2 Max A. Sobel, “Concept Learning in Mathe- 
matics,"’ Tae Matuematics TeacHer, XLIX (Octo- 
ber 1956), 425-30. 

3 Osear Schaaf, ‘‘Student Discovery of Algebraic 
Principles as a Means of Developing Ability to Gener- 
alize’’ (Doctoral dissertation, Ohio State University, 
1954). 


A student experience-discovery approach 
to the teaching of calculus 


KENNETH CUMMINS, Kent State University, Kent, Ohio. 
Students of calculus experienced the thrill of discovery 

and possessed superior knowledge of the theory of calculus 
when taught by the methods discussed in this article. 
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a part of a four-year program in secondary 
mathematics.‘ Succeeding years brought 
forth improved study guides until it be- 
came possible, it seemed, for the students 
to see calculus in its unveiled beauty and 
clarity and with none of the mystery that 
so often shrouds the heart of the subject 
and causes manipulations to be performed 
in a meaningless way. 

Indeed, it has been found that this cap- 
tivating problem of teaching the calculus 
has been of deep-felt interest for some 
time. As early as 1907 Saxelby, in A 
Course in Practical Mathematics, recog- 
nized the problem of helping students 
understand the calculus, and in writing of 
his approach to differentiation suggested 
that “it too often happens that a student 

. . acquires a merely fatal facility in dif- 
ferentiation, regarding it as a mechanical 
juggling with symbols but having no con- 
ception of its relation to experience.’”® 
Saxelby further urges the teacher to con- 
sider the immense value of experimental 
or numerical or arithmetical or graphical 
methods and then adds that 

... this intuitional direct vision method is 
intended, not to take the place of, but to pre- 
pare the way for, a more rigorous analytical 
study of the subject. ... The most natural 
method of advance is by a series of successive 
approximations to logical rigor, and, in fact, 
this is the way in which the subject has actual- 
ly grown up. 


‘ New Washington (Ohio) High School. 

5 F., M. Saxelby, A Course in Practical Mathe- 
matics (London: Longmans, Green, and Company, 
1907), p. Vv. 
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. «+ The process by which the science itself 
was formed is also the most natural for the 
mind of the student.*® 


Pélya urges that we examine a second, 
often ignored, facet of mathematics— 
“mathematics in statu nascendi.””” He says 
that ‘mathematics in the process of being 
invented has never before been presented 
in quite this manner to the students, or to 
the teacher himself, or to the general 
publie.’’® 

Teacher-scholars from both the past and 
the present have sounded a call for a chal- 
lenging experiment. Is it really possible to 
conduct a planned course in beginning cal- 
culus at the faster-paced university level 
and to utilize as much as possible dis- 
coveries of students themselves? Will such 
an approach increase understanding? The 
remainder of this article is largely a story 
of an attempt to test the hypothesis that 
a student experience-discovery approach 
to calculus in the university yields results 
every bit as promising as those under 
similar conditions on the secondary level. 

THE STUDY PLANNED 

Accordingly an experiment was planned 
which would put this hypothesis to test. 
First, it was necessary to arrange a se- 
quence of topics for a beginning-quarter 
course in such a way that the contributions 
of students could be advantageously util- 
ized. Materials were arranged to develop 
understanding in the use of some of the 
fundamental ideas before these concepts 
were subjected to critical discussion by the 
class or before results suggested as hy- 
potheses were finally deduced. One section 
of the course was devoted to developing 
the calculus as a deductive system. 

Secondly, there was constructed a series 
of study-guide sheets containing questions, 
suggestions, and exercises by which the 
student, either independently or with the 
help of class discussion, could arrive 
largely by his own efforts at some methods 

® Saxelby, op. cit. pp. v, VI. 

7G. Pélya, How to Solve It (Princeton: Princeton 


University Press, 1946), p. v1. 
8 Ibid. 


and facts of the calculus.* It was planned 
that the text for the course, Hollis R. 
Cooley’s First Course in Calculus,‘° would 
be used for problems other than those of 
the study guides, as a mathematics source 
book, and/or as a means for the student 
to compare “his own book” with that of 
another author. 

It was also desirable to arrange for ex- 
perimental and control sections in the 
first-quarter calculus. The one-quarter ex- 
perimental sections were conducted for 
two quarters in an atmosphere rich in en- 
couraging discovery, whereas the control 
groups were taught more or less tradi- 
tionally by capable men of long university 
teaching experience. The same text was 
used in all sections. 

To provide some means for comparison 
of the two experimental and the two tradi- 
tional sections and to prepare for a statis- 
tical study of results, the investigator used 
a calculus pretest constructed by the 
writer, the American Council of Education 
(ACE) Psychological Test, and the aver- 
age grade in previous mathematics 
courses." For brevity, tables of compari- 
son are not included in this article. 

At the close of the quarter each section 
took the two-hour examination made by 
the experimenter for his section and the 
examination made by the other section’s 
instructor for his section. Further evalua- 
tion of the experimental course was at- 
tempted by the use of written student re- 
actions and by noting student thought in 
a short paper on “What I Conceive the 
Calculus to Be.” 

At the beginning of the course, there 
was a short discussion of situations and 
problems which involve rates of change. 
Quite immediately the class was con- 


* During the writer's talk at the 18th Christmas 
Meeting of the National Council of Teachers of Mathe- 
matics, sample copies of some of these study guides 
were distributed. Other requests were filled by mail. 

10 Hollis R. Cooley, First Course in Calculus (New 
York: John Wiley and Sons, Inc., 1951). 

1 A few other comparisons were made involving, 
among other things, the time gap between the study 
of analytical geometry and calculus, age, military 
experience, and attitude toward mathematics. 
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fronted with computing the speed of the 
body labeled (m+f) in the apparatus 
shown in the figure as it fell under the ac- 
tion of a force f. The speed at the end of 
the second second (t=2) was chosen for 
consideration. Data were taken as mem- 
bers of the class volunteered to mark dis- 
tances fallen at the end of each second as 
determined by a swinging pendulum. The 
group suggested that quotients of smaller 
and smaller distances from the point at 
which ¢= 2, divided by corresponding time 
intervals such as 3} sec. or } sec., would 
give better approximations to the speed 
at ¢=2. The difficulty of marking dis- 
tances at times indicated by pendulums 
swinging with increased rapidity, however, 
soon provided convincing evidence that 
this method was not very feasible. 


me¢f 


| 


This difficulty led to the acceptance of 
idealized expressions to describe nonuni- 
form motion such as the well-known rela- 
tion s=16@. The students suggested the 
same method of attack, only this time 
average speeds were computed by the use 
of a formula to arrive at a sequence of ap- 
proximations to the speed at t=2 sec. In 
fact, using times {=2, t=24, t=2}, t=2} 
secs. - +--+ to compute distances through 
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which the body fell at the end of these 
times, and from these distances to arrive 
at average speeds during various time in- 
tervals, one obtains a sequence of average 
speeds 72, 68, 66, 65, 643, - + - feet per 
second. The answer to the problem sug- 
gested by this sequence is 64 feet per sec-° 
ond. Here it was emphasized that we did” 
not know (a) if this sequence of average 
speeds really converged, (b) what the 
“limit” really was, or (c) if this “limit’’ 
was the answer to our problem. This un- 
certainty nevertheless gave rise to some 
hypotheses and definitions, and a logical 
structure was begun, although it was felt 
that changes might come upon re-exami- 
nation. Numerical exercises were sug- 
gested that investigated in an introduc- 
tory way other manners of making the 
time interval smaller. Some quite in- 
genious methods were suggested and 
worked out by the students. Student 
imagination, student discovery, and stu- 
dent contributions frequently reached a 
pleasing peak. 

To lessen the amount of numerical com- 
putation which had served well to develop 
fundamental ideas, the average speed from 
t=2 to t=2+h was used. Then the speed 
at t=2 was taken to be the 

lim 16(2+h)?—16(2)? 


h-0 ’ 


h 


and the students gained practice in a first 
step in abstraction. 

From student suggestions in the various 
groups actually came the idea that one 
might compute the speed at any time 
t=t, and hence work “many problems in 
one”’ by this procedure. Speeds for various 
times and for various expressions of dis- 
tance could then be found by replacing 4; 
by some numerical value for time. 

Of course this speed problem was care- 
fully examined, and at the same time the 
problem of computing the slope of a curve 


12In one case, t=2 was approached through the 
times t=3, t=2}, t=2}, t=2}, - - - ; in another case, 
the sequence was t=3, t=2.1, t=2.01,---: in still 
another, t= 1, t= 1}, 
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was considered. It did not take long for the 
students to recognize elements common to 
the two problems, and from this considera- 
tion emerged the general “rate-of-change”’ 
idea. The result of computing this rate of 
change of y with respect to x was indicated 
by R,y. 

The discovery of ways to compute R,y 
at sight, various uses of R,y, the properties 
of R,y at maximum and minimum points 
on a curve, and the use of R,y to approxi- 
mate changes in y relative to a given 
change in x at x=2, were all developed by 
inductive exercises and discussion on the 
guide sheets. 

Not until the more critical study of R.y 
and its definition as the limit of a sequence 
of quotients, 


f(aith) —f(a1) 
h 


as h-0, was the symbol changed to that 
of D.y. 

In like manner, the idea of the integral 
had a humble numerical beginning. An in- 
tuitive notion of area under a curve was 
accepted, and attempts were made to find 
the area bounded by a curve such as one 
whose equation is y=2’?, x=1, rx=3, and 
the z-axis. Some students suggested the 
use of sums of areas of rectangles to make 
approximations, but it seemed that stu- 
dents who attempted to use the sums of 
areas of trapezoids fared better in ease of 
setting up numerical sequences to lead to 
a number which they would present as the 
area. Results of the use of trapezoids are 
shown in Table 1. As a class exercise, it 


TABLE 1 

SUMS OF AREAS OF TRAPEZOIDS IN APPROXIMAT- 
ING (INTUITIVE) AREA UNDER y =2? FROM z=1 
To r=3 


Sum of areas of 


Number of 
these trapezoids 


trapezoids used 


10 

9 

8 3/4 

8 11/16 
8 43/64 


was noted that the sum of areas for any 
number of trapezoids could be expressed as 


S=10—(14+1/4+1/16+1/64 - - - ) 


and that this could be evaluated by the 
aid of the well-known formula for the sum 
of an infinite geometric progression, 
S,,=a/(1—r), whence S=8% square units. 
Although the use of trapezoids was pre- 
ferred in computational work, area was de- 
fined as the limit of a sequence of sums of 
areas of rectangles as the number of rect- 
angles increased and as the widths of these 
rectangles decreased. In a similar way 
were considered problems of ‘“‘work done”’ 
when the force is variable. 

In the critical study of these concepts 
students noted that area and work as de- 
fined are both limits of sequences of sums 
of products (analogous to quotients, which 
lead to the derivative), and from these two 
ideas a definition was abstracted for a con- 
cept for which, as yet, we had no name! 
For some time this was called the “‘area- 
computing”’ process, and a symbol such as 
A (x*)|2 was used to signify area (and also 
work). 

As the course progressed, the usual 
theorems on sequences, limits of functions, 
and derivatives were deduced. The limit 
of a sequence of sums of products was 
given the name “‘integral,’’ and theorems 
on integrals were formulated. From the 
very definition of the integral, the values 
of 


f kdz, f kadx, and f ka*dx 


were worked out and listed as theorems. It 
was then hypothesized that 


b 
f 
had the value 


—a"t') 


n+] 


Striking relations between these results 
and the antiderivative of kz" were dis- 
covered and noted by the students 
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throughout all this study, and a feeling 
developed that some great fundamental 
link between the derivative and the inte- 
gral was in the making. This sense of 
“something about to happen” came to a 
climax with the fundamental theorem of 
the calculus 


D, f f(x)dx =f(0), 


for f(x) continuous in a<a<t, and with 
the corollary that 


b 
f f(x) =F (b) —F(a) 


where D,F (x) =f(z). 

It should be mentioned that topics were 
so timed in the planning of the work that 
while some ideas were being refined 
through discussion and investigation other 
new thoughts were being introduced at a 
more elementary level; hence several dif- 
ferent topics were under consideration at 
the same time. This was done to encourage 
careful and slow nurturing of ideas. 

Student growth and _ contributions 
throughout the unfolding of the calculus 
created an inspiring morale in the group as 
the classroom became a center for dis- 
cussion, practice, drill, guidance, and in- 
vestigation. Several of the definitions, 
hypotheses, and theorems were designated 
by the names of students who first sug- 
gested or deduced them, to help to empha- 
size how mathematics grows. 


RESULTING CONTENT 


Although a first-quarter course in the 
calculus had been previously outlined, 
some minor changes resulted while the 
work was conducted under this student 
experience-discovery approach. As one 
would expect, there were really two facets 
in content: (a) the sequence of topics 
studied, and (b) some realizations of more 
intangible nature—an awareness of logical 
structure in the calculus and the role of 
inductive and deductive approaches to 
mathematics. The resulting topical con- 
tent is shown in Table 2. 
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TABLE 2 
TABLE OF CONTENTS OF EXPERIMENTAL COURSE 


I. Problems of the Calculus 

A. The General Rate Problem 
1. Estimating experimentally the speed 
of a falling body. Exercises. 

2. Estimating the speed when a formula 
for distance is known. Exercises. 
Fundamental terms. Exercises. 

3. Estimating speed with less numeri- 
ical computation. Functions. Limits. 

4. Estimating speed at any time h. 
Exercises. 

5. Finding the slope of a curve. Graphs. 
Maxima and minima. Exercises. 

6. General rate of change. Functions. 
General picture. Exercises. 

7. Uses of changing rates. Related 
rates. Errors. Small changes. 

8. General review exercises. 


B. The General Area Problem 
1. Approximating area (intuitive) un- 
der a curve. Numerical methods. 
Other methods. Exercises. 
2. More work on areas. Exercises. 
. Approximation of work done on a 
spring. Exercises. 
4. Use of approximating functions. 
Exercises. 


C. The Fundamental Problems Recapitu- 
lated 


II. A Systematic Look at the Calculus 
A. Sequences. Limits. Theorems. 
B. Limits of functions. 
Continuous functions. 
D. Review. 
E. General review exercises. 


III. The General Rate Problem Treated 
A. The Derivative 
1. Definition developed from a previous 
process. Some theorems. Exercises. 
2. Making differentiation easier. Dif- 
ferentiation of products, quotients. 
3. Differentiation of a function of a 
function. Exercises. 
4. Inverse functions. Parametric func- 
tions. 
5. Implicit functions. 
6. Operation inverse to differentiation. 
7. General review exercises. 
Se 


cond and Higher Derivatives 

1. Derivatives of derivatives and their 
interpretation. Use. 

2. Derivatives and the study of recti- 
linear motion. Exercises. 

3. Review exercises. 

4. Higher derivatives of parametric 
functions. 

5. Higher derivatives of implicit func- 
tions 
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C. Inverse Rate Problem Continued 
1. How can inverse differentiation be 
used? 
. Given slope to find equation of a 
curve. Finding the length of a curved 


segment. 
. A general formula for antidifferentia- 
tion of az". 


IV. The General Area Problem Treated 
A. The Definite Integral 

1. Defined as a name for something we 
have developed before. Theorems. 
Refining our thinking. Fundamental 
terms. 

. Fundamentals, theorems, applica- 
tions. 


B. Evaluation of Integrals 
The mean-value theorem. Applications 
of integrals. The fundamental theorem 
of the calculus. 


. Some Applications of Integrals 
Areas. Work. Volumes. Force of liquids 
on a vertical wall. 


V. General Review 


Throughout the course there was much 
emphasis on delineating undefined terms, 
defined terms, hypotheses or postulates, 
and deduced statements or theorems. In 
fact, in every experimental section some 
fundamental philosophical questions often 
arose, such as: “Is calculus based upon 
things ‘approaching’—if so, isn’t this a 
rather weak foundation?” Here was an 
opportune time to discuss again the struc- 
ture of mathematics. One student com- 
mented aptly that “Our faith that a cer- 
tain number is the answer to a speed or to 
an area problem is just as firm as our faith 
that a certain sequence approaches a cer- 
tain limit.”” On another occasion there 
arose the question of distributivity of the 
“area-computing process’—is A (x?+-<2°) 
= A(x*)+A(z*)? The study of this ques- 
tion was another rewarding experience in 
the group’s mathematical adventure and 
development. 

Each student kept a notebook that he 
organized in his own way. A central core 
of hypotheses, definitions, and theorems, 
however, was quite common to all such 
efforts. 

The skills developed in traditional first- 
quarter calculus were nurtured in this 


course also. In this approach, however, the 
student gained more practice in numerical 
work as he was being guided to abstrac- 
tions. 


EVALUATION 


As indicated before, several kinds of 
evaluation were attempted. The cross-test 
made for the experimental sections and 
taken by both the experimental and tradi- 
tional groups consisted of short-answer 
items and discussion questions that were 
designed to measure understanding. It 
also contained problems. The test made 
for the traditional sections by their teach- 
ers, and taken by both groups, largely con- 
tained problems. Each teacher used these 
tests in whatever manner he wished for his 
own course. The tests were mixed into a 
packet and graded uniformly by the writer. 
The results of this grading are the scores 
which appear in this study. Results from 
the winter quarter cross-testing program 
are found in Table 3. 


TABLE 3 


ARITHMETIC MEANS OF SCORES ON TESTS (WINTER 
QUARTER) 


Score on Test 
A made for 
Traditional 
Section A. 
Total score 

possible 180 


Score on Test 

One made for 

Section taking | Experimental 
test | Section One. 
Total score 

possible 272 


Section One 
(experimental) 217 


Section A 
(traditional) 131 


It seemed advisable to give further 
study to these final test results in the light 
of initial data on previous grades, the pre- 
test, and the ACE scores, in an attempt to 
make some conclusions cn performance in- 
dependent of the initial data. Accordingly, 
data of the traditional and experimental 
groups were combined to develop regres- 
sion equations which would predict for 
each student an expected score on Test 
One and on Test A on the basis of the 
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three preliminary test scores of both sec- 
tions. In fact, it turned out that the ACE 
and calculus pretest scores, at least as used 
here, had no significant effect on the Test 
One and Test A scores. The results showed 
that: 


a. The students in the experimental group 
scored on the average 27.10 points higher 
on Test One than would be expected on 
the basis of their preliminary test scores 
(significant at the 1% level). 

b. The students in the traditional group 
scored 51.59 points lower on Test One 
than would be expected (significant at the 
1% level). 

c. The differences were not significant on 
Test A. 


The results indicate that the method of 
teaching under examination was espe- 
cially effective in promoting a deeper 
understanding of the calculus and that 
this gain was not at the sacrifice of pro- 
ficiency in manipulations and applications. 
It is possible that these differences in 
achievement were due to factors unknown 


TeBLE 4 


NUMBER OF SATISFACTORY RESPONSES TO SOME TEST ITEMS ON LOGICAL RELATIONS 


to the experimenter, but the statistical 
analysis indicates that they were not due 
to student variations in previous grades, 
mathematical preparation as measured by 
the calculus pretest, or innate ability as 
indicated by the ACE scores. 

Since the results from the winter quarter 
were so positive, a statistical study was 
not made on the test scores at the close of 
the spring quarter. The data “in the raw” 
indicated similar results, however. 

In addition to statistical studies on 
cross-tests of proficiency and understand- 
ing, there was an attempt to evaluate the 
effectiveness of this approach to the cal- 
culus by searching out student reaction on 
certain items. Some of these items are 
listed in Table 4. 

Inquiries were also made on student 
awareness of logical relation in the caleu- 
lus, on experiencing how mathematics 
grows, on sensing the power of the calculus 
method, on the enjoyment of mathemat- 
ics, and on whether, and at what points, 


Test item 


+h) —f(21) 
D.y = 
h+0 h 


What is the limitation placed upon h? 


rem on limits? 


to the calculus? 


chain rule. 


integration. 


Total number of responses. 
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The relation D,(f +g) comes from what basic theo- 


What would you suggest as the concept most, basic 


Deduce the quotient rule, the product rule, or the 


Explain briefly or describe the logical thread which 
connects the process of differentiation with that of 
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the student experienced a feeling and thrill 
of discovery. Without attempting to clas- 
sify them in this article, sundry quotations 
taken from student responses will help 
communicate student reaction: 


1. ‘They (the derivative and the integral) both 
have the same beginning in the theories of 
limits. They are both limits, only the deriva- 
tive is the limit of a sequence of quotients and 
the integral is the limit of a sequence of sums 
of products.” 

. “We start with sequences and go from there 
to the [idea of] rate of change, and then to 
the derivative and the antiderivative. On the 
other side of the picture we go from se- 
quences up through areas to the integral. 
Here we go through the mean-value theorem 
for integrals to the fundamental theorem. 
The fundamental theorem, therefore, is the 
link which holds the two chains together.”’ 

. “I could see the calculus grow from the be- 
ginning arithmetic methods to the more in- 
volved theorems.” 

. “Our ideas started on a ‘man-on-the-street 
level’ and then grew.” 

. “The completeness of our calculus structure 
impresses me. It is to me like building a 
house—afterwards I don’t just look at the 
roof, but at all the beautiful parts of the house 
under the roof.” 


Perhaps the most important measure of 


all is the student evaluation of this student 
experience-discovery approach. A sum- 
mary of responses is given in Table 5. 


TABLE 5 


A SUMMARY OF FIFTY-THREE RESPONSES TO 
“Do YOU THINK THIS APPROACH IS REALLY DIF- 
FERENT?”’ 


Student Responses Frequency 


I understand reasons for doing, rather 
than doing these mechanically 

New work is developed from the stu- 
dent from his own knowledge 

Students helped to develop the 
course; were not merely passive in 
acceptance 

Class more ‘‘human’’; better student- 
teacher relation 

We saw how things develop and we 
co-operated to bring out a new idea 

We saw a problem and then saw pro- 
gressively simpler methods to find 
the answer 

This approach gives one a good be- 
ginning 

My interest has been aroused more 
than ever before 


Some statements seem to convey more 
than it is possible to suggest when they 
are condensed in a summary table: 


1. “[This approach is different] because we 
really got to the very basic beginning which is 
something I have really not done before; 
most other courses are such that we work a 
lot of problems with very little theory.” 

. “It stresses the reasons and theory behind 
the problems. This is something J have never 
seen and have always wanted in a mathe- 
matics course.”’ 

. “{This approach is different] mainly because 
it is the first time in all my mathematics 
that the very basic material was taught so 
for once I know what I was really studying.” 

. “Itis different in many ways. The most signif- 
icant is the fact that the student is helped 
to discover the principles for himself, thus 
giving a clearer understanding.” 

. “, .. this makes [the calculus] a part of him 
[the student] and it stays alive for him... 
this is the best understood course, the finest, 
and the most clear course of any kind that 
I have ever taken.” 

. “It used to be that I did not know how they 
got what they got in mathematics, but now 
I do.” 

. “This approach makes the mathematics 
‘alive.’ It is living and growing! Some stu- 
dents I talk to just differentiate—they do 
not know what they are doing, nor do they 
understand what a derivative is.” 

. “This method seems to take the magic or 
mystery out of mathematics.” 


SUMMARY 


It is generally agreed that concern for 
understanding rather than manipulative 
skill alone is a matter of utmost impor- 
tance in encouraging the attainment of the 
quality which a mathematics education 
should provide. 

Hence there is proposed in this study 
a student experience-discovery method 
whose methodology has characteristics as 
follows: 


1. General problems find their initial setting in 
natural situations. 

2. The students attack these problems with 
the means they know—often arithmetic. 

3. Results are studied, examined, discussed; 
definitions and hypotheses are made. 

. Abstract considerations flow naturally out 
of the concrete. 

. The teacher guides the student to the con- 
sideration cf more profound questions. 

. Statements accepted as hypotheses remain 
so until deduced as theorems with what is 
being assumed clearly delineated and set 
apart from what is being deduced. 
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7 Student initiative, discovery, and suggestions 
are encouraged and utilized to help develop 
the calculus. 


A test of this method in the classroom 
results in some tentative ‘good news” for 
the student. On the basis of this experi- 
ment there can be proposed the working 
hypothesis that students taught by this 
“discovery” approach have these ad- 
vantages: 


1. They do as well on problems and manipula- 
tive skills as those with traditional instruc- 
tion but, in addition, they have increased 
understanding. 

2. They possess a superior knowledge of the 
fundamental theory and logical relations 
among parts of the calculus. 

3. They experience the thrill of discovery and 

the satisfaction of producing results through 

creative effort—all of which lead to greater 


enjoyment of mathematics and a deeper 
understanding of its nature and use. 

4. They express ideas of the calculus in their 
own language and they undergo the stimu- 
lating and disciplinary experience of having 
their expressions and ideas sharpened through 
examination by other students as well as by 
the teacher. 


Since one can hardly present the results 
on one experiment as established conclu- 
sions, the writer suggests that the ad- 
vantages of the student experience-discov- 
ery approach be investigated further. To 
continue the teaching of the calculus by 
methods which are antithetical to those of 
the experience-discovery approach may be 
depriving our students of a richness of 
mathematical education which they de- 
serve and which it is so imperative that 
they have. 


Have you read? 


ForsyTHE, GeorceE E. ‘The Role of Numerical 
Analysis in An Undergraduate Program,”’ 
The American Mathematical Monthly, Octo- 
ber 1959, pp. 651-62. 

‘“‘Where do mathematics students go?”’ This 
is the first sentence of this article. Although 
written about the college program, it sets some 
directions for the elementary and high school 
mathematics programs. The A.B. graduate in 
mathematics is lured to the computers; there- 
fore, his program of preparation must include a 
knowledge of the structure of mathematics, an 
increasing ability to study mathematics inde- 
pendently, a knowledge of where to find things 
he does not know, an ability to solve original 
problems, a knowledge of related fields, and an 
increasing joy in the study of mathematics. 

Besides this, he must be taught with a 
balance between the abstract and the concrete; 
' he must be aware that the whole subject flows 
from a few postulates and principles. 

Numerical analysis must be a part of his 
preparation. This might well be called today the 
art and science of using digital computers. He 
must learn to code, to know limitations of com- 
puters, and to be aware of errors. There are 
many examples of where these items may be 
taught. Read this article and ask yourself, ‘‘Are 
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my high school graduates ready?’’ You may 
want to read ‘‘A New Kind of Course for the 
Preparation of Teachers’’ in this same issue.— 
Peak, Indiana University, Bloomington, 
Indiana. 


ParGeTer, A. R. “Plaited Polyhedra,’’ The 
Mathematical Gazette, May 1959, pp. 88-101. 


Many of you have used models of polyhedra 
for teaching purposes and for motivation. This 
article will interest not only you but your stu- 
dents since it is not the common approach to 
polyhedra construction. ‘‘Plaited”’ refers to the 
kind of things girls may do to their hair or boy 
scouts do with leather thongs. It would be un- 
wise to attempt to show how this is done, but 
this article explains in some detail the process 
to use and the best material from which to make 
plaited polyhedras. The icosohedron is consid- 
ered the easiest to make and should probably be 
the first trial. The author provides the theory. 
For example, when two strips cross, the region 
has four vertices and therefore is a quadrilateral. 
You should read the article, get some paper, and 
try it. You will have fun and so will your stu- 
dents. In this same issue of the Gazette is an in- 
teresting article of one page on X, the sign for 
multiplication, which you may like.—Puxriip 
Peak, Indiana University, Bloomington, Indiana. 
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Linear programming problems 
for first-year algebra 


DONOVAN LICHTENBERG and MARILYN ZWENG, 
University of Wisconsin, Madison, Wisconsin. 


The description of a unit on linear programming taught 


NEW APPROACHES in mathematics make 
possible the teaching of certain topics not 
previously included in high school mathe- 
matics. Linear programming problems 
form an example of this trend. 

Certain maxima and minima problems 
which arise in business, industry, and in 
the military are called linear programming 
problems. We believe that students in 
first-year algebra are not only capable of 
handling the simpler types of such prob- 
lems, but that they also find these more 
interesting and worth-while than the verbal 
problems usually taught in traditional al- 
gebra courses. The reader of this article 
will realize that the insertion of such ma- 
terial in the first-year algebra course will 
require prior development of some con- 
cepts not generally taught in the tradi- 
tional course.' The following is an example 
of a linear programming problem: 

A manufacturer makes two models, A and 

B, of a product. Each model must be processed 

by two machines. To complete one unit of 

model A, machine I must work 1 hour and 
machine II must work 2} hours. To complete 
one unit of model B, machines I and II must 
work 4 hours and 2 hours respectively. Ma- 
chine I may not operate more than 8 hours 

per day, and machine II, not more than 12 

hours per day. If the profit on model A is 

$3 per unit and on B, $4 per unit, how many 


units of each model should the manufacturer 
produce per day to maximize his profit? 


Before we discuss the solution of this 
problem, let’s investigate some of the 
theory involved. We are going to be deal- 


1 Robert E. K. Rourke, “Some Implications of 
Twentieth Century Mathematics,"’ THe Matue- 
MATICS TEACHER, LI (February 1958), 74-86. 


at Wisconsin High School, Madison, Wisconsin, 1958-59. 
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ing with functions defined by equations of 
the form f(z, y) =ar+by+c. The domains 
of our functions will be sets of ordered 
pairs which can be defined by inequalities. 
Suppose we have 


A={(z, y) ly>z, 2e+y<9, and x>1}. 
The graph of this set is shown in Figure 1. 
The boundary lines are included in the set. 


That is, the set is closed. Mathematicians 
would call A a polygonal convex set. 


Figure 1 


Now think of this set of ordered pairs as 
the domain of a function defined by 
f(x, y) =ax+by+c. We want to find those 
ordered pairs in the domain for which 
f(z, y) attains a maximum or minimum 
value. We know from analytic geometry 
that the graph of such a function will be a 
plane. If a=b=0, the graph will be a plane 
parallel to the zy-plane and c units from it. 
That is to say that f(z, y) would be equal 
to c throughout any domain and thus we 
would not talk about the maximum or 
minimum of f(z, y) for A. This type of 
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function, then, is of no interest here. Sup- 
pose instead that a and b are not both zero. 
Then the graph of our function will be a 
plane which is not parallel to the ry-plane. 
If this is the case, for what member of A 
will f(z, y) attain its maximum (mini- 
mum)? It should be intuitively clear that, 
since the graph is a plane, the maximum 
(or minimum) value of f(z, y) will occur 
either at one of the vertices of the triangle 
or at all of the points along one side. See 
Figure 2. 


x 
Figure 2 
To illustrate this, let us study a specific 
function. Consider 


f(z, y) =2x+5y—3 


where the domain is still A. For what (z, y) 
in A will f(z, y) attain its maximum? In- 
spection will show that f(1, 7) =34 and no 
other (x, y) in A will give f(z, y) a larger 
value. We also see that f(1, 1) =4, and this 
is the minimum value of f(z, y). Both the 
maximum and minimum values of f(z, y) 
are attained at corner points of A. 

The preceding discussion is summarized 
in what we will call the fundamental theo- 
rem of linear programming. 

If we have a linear function f whose do- 

main of definition is a convex polygonal 

set, the maximum (or minimum) value of 

f(x, y) ts attained at one of the corner 

points of the convex set or at all of the 

points along one side.* 

2 For proof of this theorem, see John G. Kemeny, 
J. Laurie Snell, and Gerald L. Thompson, Introduc- 


tion to Finite Mathematics (Englewood Cliffs, N. J.: 
Prentice-Hall, Inc., 1957), pp. 256—57. 
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Let us now return to the problem about 
the two models of a product. Let zx repre- 
sent the number of units of model A to be 
produced and y the number of units of 
model B. Certainly, z and y cannot be 
negative numbers. Therefore, two condi- 
tions which must be satisfied are x >0 and 
y=>0. Now, model A requires 1 hour on 
machine I and model B requires 4 hours 
on this machine. Since machine I cannot 
be run for more than 8 hours, we have the 
condition 


r+4y <8. 


Figure 3 


The models A and B require, respectively, 
2% and 2 hours on machine II, which can- 
not be run for more than 12 hours. Thus, 
we have the condition 


§r4+2y<12. 


Now, consider the set M of all ordered 


pairs (x, y) which satisfy all four condi- . 


tions: 
M={(z, y)|x20, y20, +4y<8, 
§r+2y<12}. 


The graph of M is shown in Figure 3. 

Set M7 has all the possible solutions to 
the problem. That is, none of the ordered 
pairs outside M satisfies all of the given 
conditions. The problem now is to deter- 
mine which (z, y) in M maximizes the 
profit. We see that the total profit in dol- 
lars for a day will be 3r+4y. The funda- 
mental theorem tells us that we only have 
to test the four corner points. 


At (0, 0), 32+4y=0 

At (0, 2), 3r+4y=8 
24 

At (= 0), 32+4y = 14.40 
5 


At (4,1), 
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Testing these four points, we find that 
production of 4 units of model A and 1 
unit of model B gives a maximum profit of 
$16 per day. 

Now how was all of this handled in first- 
year algebra? The theory of linear pro- 
gramming was taught to ninth graders, 
not as a rigorous theory, but rather from 
an intuitive approach. It is obvious that 
an ability to handle inequalities was a 
necessary prerequisite for this unit. From 
the beginning of the year our students at 
Wisconsin High had worked simultane- 
ously with inequalities and equations, so 
they were well prepared for the graphing 
which was to follow. 

The purpose of our first assignment was 
to lead the students to the discovery of the 
fundamental theorem on convex sets; that 
is, that the maximum and minimum of any 
function whose domain is defined by a 
convex set is at the corner points of the 
set. The first assignment was similar to 
this: 

The shaded area in Figure 4 is the graph 
of a set which we shall call S. Tell which or- 
dered pairs in S will give the following expres- 
sions their maximum and minimum values. 
(a) 32+4y 
(b) 32—4y+1 
(c) 
(d) 22 —Ty+4 
(e) 9y—3z 
(f) —6z—-y 
The students were simply to evaluate 

the given linear expressions for various 


Figure 4 


points in the set. Mathematical patterns 
had been emphasized throughout the year, 
so the students rather suspected that some 
pattern would occur here. It was not long 
before they began to notice the relation- 
ship between the maxima and minima, and 
the corner points (or sides) of the given 
set. 

We made no further attempts to prove 
the fundamental theorem rigorously. We 
established our principle merely by pro- 
viding many experiences similar to the 
example above. 

You will notice that we did not use the 
term “function” in this assignment, nor 
did we use it later in the unit. The word 
“expression”’ sufficed for our purposes, and 
yet you can see that this material provided 
an informal experience with the function 
concept. 

We had further assignments which illus- 
trated other important facts. If the convex 
set is not bounded, the linear expression 
may attain a maximum or a minimum, but 
not both. Consider, for example, the set T 
where 


T = { (x,y) 2x +y26, 3y+22>8, 
and z—y<4}. 


The graph of this set is illustrated in 
Figure 5. The point (1, 4) will give the ex- 
pression 2y-—-5z a maximum value of 3, 
but there is no minimum. The point (5, 1) 
will give the expression x+4y a minimum 
value of 9, but this time there is no maxi- 
mum. A couple of the better students in 


Figure 5 
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class observed that in this situation, where 
our set is unbounded, we could have an ex- 
pression with neither a maximum nor a 
minimum. (Consider the expression 
32 —2y.) 

The following is an illustration of the 
most difficult type of problem with which 
we worked: 

An appliance dealer has stores in Milwaukee, 
Madison, Beloit, Beaver Dam, and Fort Atkin- 
son. He has 8 extra refrigerators in Milwaukee 
and 6 extra in Madison. He would like to move 
5 of them to Beloit, 5 to Beaver Dam, and 4 to 
Fort Atkinson. The transportation costs per 
refrigerator between the cities are given in the 
table: 


Beaver Fort 

Beloit Dam Atkinson 
Milwaukee $16 $10 $15 
Madison $10 $12 $10 


How should the refrigerators be distributed to 
keep transportation costs at a minimum? 

It appears at first glance that we need 
to use more than two variables in this 
problem. However, we can let z represent 
the number of refrigerators to be moved 
from Milwaukee to Beloit and then 5—-2z 
will be the number to be moved from 
Madison to Beloit. 

If Beaver Dam gets y refrigerators from 
Milwaukee, it will have to get 5—y from 
Madison. The Fort Atkinson store will get 
the remainder, i.e., 8—x—y from Mil- 
waukee and 6—(5—2z) —(5—y) orr+y—4 
from Madison. The total cost of moving 
the refrigerators will be 16r+10y 
+ 15(8—x-—y) + 10(5-2) + 12(5-y) 
+10(x+y—4) or x—7y4+190. Certainly, 
the number of refrigerators to be moved 
from one city to another cannot be nega- 
tive. Except that x and y must be integers, 
the only constraints in the problem then 
are 


r>0, y>0, 8—2z—y>0, 5—2>0, 5-—y>0, 
and r+y—4>0. 


The graph in Figure 6 contains the graphs 
of all the ordered pairs (x, y) which will 
simultaneously satisfy these conditions. 
We check the corner points to determine 
which one will minimize the cost. We find 


¥ 

=== 

Figure 6 


that (0, 5) gives the expression x —7y+190 
a value of 155, and this is the minimum. 
Hence if the refrigerators are distributed 
as in the table below, the appliance dealer 
will have minimum transportation costs 
of $155. 


Beaver Fort 
Belont Dam Atkinson 
Milwaukee 0 5 3 
Madison 5 0 1 


It is surprising how well the students 
guess the solution to this type of problem. 
After working the problem, they are 
elated to discover that they have guessed 
correctly. 

Here are some more of the problems our 
students solved. 


1 Two men, Joe and George, are working in a 
small factory. Since they are both part-time 
help, they may each be employed for any 
number of hours. Joe’s wages are $2 per hour. 
George receives $3 per hour. Joe produces 10 
nuts and 4 bolts per hour. George can pro- 
duce 5 nuts and 7 bolts per hour. A rush order 
calls for 50 nuts and 50 bolts. Because of the 
expense of running the machines, no more 
than 11 man-hours can be spent on the manu- 
facture of these nuts and bolts. How many 
hours should Joe work, and how many hours 
should George work to keep the payroll at a 
minimum? 

Aspirin and Buf-pirin are made on 2 ma- 
chines, I and II. To make 1 pound of aspirin, 
machine I must be used 1 hour and machine 
II must be used 2} hours. To make | pound of 
Buf-pirin, machine I must be used 3 hours 
and machine II must be used } hours. No 
machine may operate more than 12 hours per 
day. A profit of $2 per pound is made on 
aspirin and $3 per pound on Buf-pirin. How 
many pounds of each should be made per 
day to maximize the profit? What will the 
profit be? 


to 


3 A grocer is buying soap powder from the 


wholesaler. He is considering stocking two 
brands, Sudso and Brighto. He makes a profit 
of 10¢ a box on Sudso and 20¢ a box on 
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Brighto. Consumer buying statistics show 
that at least 3 times as much Sudso is sold 
as Brighto. The grocer has, at most, 900 
square inches of shelf space for soap. It takes 
20 square inches to store a box of Sudso and 
30 square inches to store a box of Brighto. 
How many boxes of each kind of soap should 
the grocer stock to maximize his profit? 
What will the profit be? 

According to a well-known nursery rhyme, 
Jack Spratt could eat no fat, his wife could eat 
no lean. Suppose Jack needs at least 4 pounds 
of lean meat per week, and his wife needs at 
least 3 pounds of fat per week. Their diet 
consists of beef and pork. Each pound of beef 
is .2 fat and .8 lean. Each pound of pork is .6 
fat and .4 lean. The Spratts have a very small 
refrigerator and therefore cannot buy more 
than 9 pounds of meat per week. If pork costs 
$.75 per pound, and beef costs $1.00 per 
pound, find out how many pounds of beef and 
how many pounds of pork the Spratts should 
buy per week to minimize the cost.’ 

5 A producer has two mixtures of nuts. Each 
pound of mixture A contains 2 ounces of 
almonds, 1 ounce of cashews, and 1 ounce of 
hazel nuts. Each pound of mixture B con- 
tains 1 ounce of almonds, 2 ounces of cashews, 
and 6 ounces of hazel nuts. The remainder of 
of both mixtures is peanuts. The producer 
wants to use mixtures A and B to make a 
bag which will contain at least 8 ounces of 
almonds, 10 ounces of cashews, and 18 
ounces of hazel nuts. If mixture A costs $1.00 
per pound and mixture B, $1.50 per pound, 
how many pounds of each should he use to 
minimize his cost? 

A manufacturer produces two different models 
of steam irons, the Deluxe and the Superior. 
Each model must be processed by three 
machines, I, II, and III. To complete one unit 
of each model, the three machines must work 
the number of hours indicated in the follow- 
ing table. 


o 


Deluxe Superior 
I 1.0 1.0 
II 0.6 1.2 
III 1.2 0.4 


No machine may operate more than 12 hours 
per day. The profit on the Deluxe model is 
$3 per unit, and the profit on each unit of the 
Superior model is $5. How many of each 
unit should be manufactured per day to maxi- 
mize the profit? What will the profit be? 


Many important mathematical princi- 
ples are dealt with in the work on linear 
programming. The students can acquire 
an insight into certain facts which are 
generally left to calculus or advanced cal- 


3 Problem 4 was suggested by a Jack Spratt prob- 
lem in Kemeny, Snell, and Thompson, op. cit., p. 263. 
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culus. For instance, an expression such as 
x?+y*?—4az can be included in the intro- 
ductory assignments. The students will 
discover that when the expression for 
f(z, y) is not linear the whole theory breaks 
down. If we examine the expression 
x?+y?—42 with respect to the set that we 
called S (Fig. 4), we see that the minimum 
is attained at (2, 0), which is an interior 
point of S. The maximum occurs at (8, 3). 
In our work with this type of expression, 
one of the brighter students (with a little 
help) grasped the significance of contour 
lines. He saw that 2?+y?— 42 has the value 
—4 at the point (2, 0). It has the value —3 
at any point on the circle with center (2, 0) 
and radius 1. At any point on the circle 
with center (2, 0) and radius 2, the value 
of 2?+4y? —4z is 0. See Figure 7. 


Of course the contour lines for a func- 
tion defined by a linear expression are 
straight lines. Figure 8 shows some con- 


Figure 8 
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tour lines for the expression r+3y. Note 
that any point on the line between (—1, 
—2) and (2, —3) gives x+3y a value of 


_—7, which is the minimum with respect 


to set S. 

Although we at no time discussed graph- 
ing in three dimensions, one boy con- 
structed a device which demonstrated 
very nicely that the graph of the function 
defined by f(z, y)=ax+by+c is a plane. 
He graphed a set of ordered pairs on cor- 
rugated cardboard. He then considered the 
value of a certain linear expression at vari- 
ous points of this set. He erected per- 
pendicular spikes of wire equal in length to 
the value of the expression at these points. 
The ends of the spikes then lay in a plane. 
After this project had been shown to the 
class, another student suggested that if 
we had constructed the same sort of device 
for 2°+4y?—4z, we would have a cup- 
shaped object. What he had visualized was 
a parabaloid of revolution! 

The students also became familiar with 
such ideas as open and closed sets, and 
bounded and unbounded sets. Again no 
formal definition of these terms was given, 
but it was obvious that the students 
gained an intuitive insight into these con- 
cepts. 

The work that we did in first-year alge- 
bra was concerned only with linear pro- 
gramming problems which involved func- 
tions whose domains could be graphed in 
a plane. That is, the problems could con- 


tain only two independent variables. It is 
important for the teacher to realize that in 
practical applications problems with three, 
four, or even twenty variables are met. As 
we increase the number of variables, the 
solution becomes more difficult, but the 
principles remain the same. With three in- 
dependent variables, the domains of the 
functions have to be graphed in three- 
space. The contour lines become contour 
planes, and the maximum and minimum 
still oecur at corner points (this time of the 
convex polyhedra). When we have more 
variables we cannot visualize the problem 
at all, but applied mathematicians have 
devised ingenious methods for solution. 
For further information on linear pro- 
gramming, the reader is referred to 
Richardson’s Fundamentals of Mathe- 
matics‘ and Kemeny, Snell, and Thomp- 
son’s Introduction to Finite Mathematics.5 


ANSWERS TO PROBLEMS 


1 Joe should work 2 hours; George, 6 hours. 

2 4} pounds of aspirin and 2} pounds of Buf- 
pirin; profit, $16.50. 

3 30 boxes of Sudso and 10 boxes of Brighto; 
profit, $5.00. 

4 3 pounds of beef and 4 pounds of pork. 

5 2 pounds of mixture A and 4 pounds of mix- 
ture B. 

6 4 Deluxe models and 8 Superior models; 
profit, $52. 


4M. Richardson, Fundamentals of Mathematics 
(New York: The Macmillan Co., 1958), pp. 262-65. 
* Kemeny, Snell, and Thompson, loc. cit. 
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“On Labor Day, 1959, Dr. B. F. Skinner, 
Harvard, displayed his teaching machine before 
the American Psychological Association conven- 
tion in Cincinnati. Take that as the formal date 
marking the introduction of what has been 
called self-instruction or programmed teaching. 
At least three manufacturers have produced a 
number of models, not only of Dr. Skinner’s 
device but of several other automatic teaching 
instruments. The role of automatic teaching in 
America’s schools is the subject of vigorous dis- 
cussion and research.’’—Ben Brodinsky in 
Edpress News Letter, December 18, 1959. 
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Linear programming, 


an aid to decision making 


ROBERT B. KANE, University of Illinois, Urbana, Illinois. 
Some simple examples of linear programming, 


LINEAR PROGRAMMING has been described 
as a way of selecting the best course of 
action from an infinite number of courses. 
As one of the rapidly developing aspects 
of modern applied mathematics, it is con- 
cerned with the quantification of decision 
processes and is used in national defense, 
industrial production, transportation, per- 
sonnel work, and a host of other fields. 
The two-dimensional geometric linear 
programming model is treated in some ele- 
mentary texts and popularized writings 
about present-day mathematics* and is 
readily visualized by high school students. 
One rarely sees its three-space analogue, 
however, primarily because the two-space 
model adequately illustrates the proce- 
dure. Algebraic models for solving higher 
order linear programming problems are 
available and, in practice, electronic com- 
puting systems carry out the arithmetic. 
Nevertheless the two-space and the three- 
space geometrical models are rather simple 
and afford the high school student who has 
had a taste of co-ordinate and solid geome- 
try excellent practice in graphing equali- 
ties and inequalities in two-space and 
three-space. 
Let’s start with a two-space example: 
A furniture manufacturer makes two differ- 
ent types of card tables, the Deluxe and the 
Regal. Each type must be processed by two 


machines, Alpha and Beta. To make one 
Deluxe table, machine Alpha must work 2 


* See M. Richardson, College Algebra (Englewood 
Cliff, N. J.: Prentice Hall, 1958), pp. 387-90, and 
George A. W. Boehm, The New World of Math 
(New York: Dial Press, 1959), pp. 109-13. 


one of which is in three variables. 


hours and machine Beta must work 4 hours. 
To make one Regal table, machine Alpha 
must work 4 hours and machine Beta must 
work 2 hours. The manufacturer can sell all 
the tables of both types that he desires to 
produce. His profit on each Deluxe table is $3; 
on each Regal table his profit is $5. How many 
of each type should he produce daily to real- 
ize maximum profit? 


Solution: Let x be the number of Deluxe 
tables and y the number of Regal tables. 
His profit equation is thus P=32r+5y. He 
wishes to find the values of z and y which 
maximize P under the following restric- 
tions: 


(a) 2r+4y <24 
(b) 4r+2y<24 
(c) 
(d) y20 


Restriction (a) asserts that machine 
Alpha cannot work longer than 24 hours a 
day, and restriction (b) asserts the same 
thing about machine Beta. Restrictions 
(ce) and (d) follow from the fact that he 
cannot produce a negative number of 
either type. The graph (Fig. 1) of all the 
points showing restriction (a) is the shaded 
half-plane below the line 2r+4y = 24 and 
the graph of restriction (b) is the shaded 
half-plane below the line 4x+2y = 24. The 
graph of the intersection of restrictions 
(a) and (b) is the doubly shaded area. 

The addition of restrictions (c) and (d) 
yields the shaded quadrilateral in Figure 
2. Any point in the shaded area, including 
the boundaries, satisfies all the restrictions. 
The totality of such points constitutes the 
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4X+2Y = 24 


2X+4Y 


Figure 1 


set of feasible points, that is, the ordered 
pairs (x, y) associated with each of the 
points in this set are all possible solutions 
to the question of how many of each type 
of table could be made. 

Consider a hypothetical profit, say 
P=20. The profit equation would be 
20 =32+5y, a straight line (Fig. 2). For 
larger P, say P=30, the resulting profit 
equation has a higher y-intercept (Fig. 2). 
It can be demonstrated that the profit line 
with the greatest y-intercept (thus, the 
greatest profit) and containing a feasible 
point will intersect the shaded area at a 
vertex. Therefore, at most, one would 
check points Q, R, and S to find that if no 
Deluxe tables and 6 Regal tables are made 
(point S), P =30; if 6 Deluxe tables and no 
Regal tables are made (point Q), P= 18; if 
4 of each type are made (point R), P=32. 
Thus the manufacturer should make equal 
numbers of each table to realize the great- 
est profit. 

It is interesting to observe that a hasty 
decision to produce more Regal tables than 
Deluxe tables because of the greater profit 
on Regals would result in a lower total 
profit. 

Now let’s try a three-variable linear pro- 
gramming problem: 
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A drug firm is planning to produce an A and 
D vitamin compound. They have three basic 
ingredients, X, Y, and Z, which are available 
as by-product material from other production 
The vitamin content and cost per gram of 
each of these ingredients is tabulated: 


UNITS AVAILABLE PER GRAM 


Units of 
vitamin A vitamin D 


Units of Cost per 
gram 


20 ,000 $.20 
10 ,000 
200 ,000 -40 


Ingredient X 120,000 
Ingredient Y 30,000 
Ingredient Z 60,000 


Each bottle of the finished compound is to con- 
tain a minimum of 600,000 units of each vitamin. 
The drug firm wants to determine the number 
of grams of each basic ingredient to use to meet 
this specification at a minimum cost. 


Solution: Let x, y, and z be the number 
of grams of X, Y, and Z respectively. The 
cost equation in cents is thus C = 202+ 1l5y 
+40z. It is necessary to find the values of 
x, y, and z which minimize C under the 
following restrictions: 


(a) x>0 

(6) y20 

(c) z2>0 

(d) 120,000z+ 30,000y + 60,000z > 600,000 

(e) 20,000xr+ 10,0007 + 200,000z > 600,000 
Restrictions (a), (b), and (c) assert that 

it is impossible to use a negative amount 

of any ingredient. Restriction (d) insures 

that the compound will contain the mini- 

mum specified amount of vitamin A; re- 


striction (e) insures the same thing for 
vitamin D. 


Figure 2 
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Graphing the restrictions gives us Fig- 
ure 3. 

Restrictions (a), (b), and (c) limit can- 
didacy for the location of feasible points 
to the first octant. The addition of restric- 
tions (d) and (e) to the space defines the 
set of feasible points as that portion of the 
first octant outlined in heavy lines. 

In three-space, the possible cost equa- 
tions comprise an infinite set of parallel 
planes, one of which is shown in Figure 3 
and, analogous to the two-space model, 
the cost plane which represents the mini- 
mum cost contains a vertex of the solid 
figure of feasible points. Therefore, one 
would check points S, T, U, V, and W to 
find the least expensive formulation for 
the vitamin compound. The co-ordinates 
of these vertices (correct to tenths) are: 


(0, 60, 0) 

(0, 15.8, 2.1) 
U (3.7, 0, 2.6) 
V (0,0, 10) 
W (30, 0, 0) 


\ 2X4 ¥+20Z=60 


\ 


Figure 3 


Substituting these values in the cost 
equation: 


Cost at point S $9.00 
Cost at point T 3.21 
Cost at point U 1.78 
Cost at point V 4.00 
Cost at point W 6.00 


Thus the drug firm should use 3.7+ 
grams of ingredient X and 2.6 grams of in- 
gredient Z, omitting ingredient Y, to 
minimize the cost of a vitamin compound 
containing at least 600,000 units each of 
vitamins A and D. 

Clearly, we have looked at very simple 
examples of linear programming so that 
the graphing would not be tedious. Real- 
world linear programming problems are 
virtually all much more complicated. Each 
additional restriction increases the number 
of vertices and each additional variable 
increases the dimensionality. It is easy to 
see why strictly algebraic methods are 
used in lieu of geometric methods as the 
complexity increases. 
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Going somewhere? 


ALMOST EVERYBODY likes to travel on 
maps, so let this be the excuse for the fol- 
lowing simple observations. When one 
brings out the road map preparatory to a 
trip, the question usually comes up about 
the shortest distance to a place or about 
the fastest route. In regard to distance, it 
is not considered particularly difficult to 
find the shortest road. This is due in part 
to the highway department which pro- 
vides main roads that connect the main 
cities, and in part to the fact that we live 
on a sphere or nearly planar surface. But 
this latter simplification nowadays tends 
to be obviated somewhat by modern 
throughways with limited access where 
roads may cross on the map without giving 
any actual opportunity to pass from one 
to the other. 

More difficult is the determination of 
the route requiring the shortest time. The 
decision must of necessity depend on con- 
siderable experience. Some of the large 
transport companies make extensive oper- 
ations in trial runs under varying traffic 
conditions. For such companies there is, 
however, another factor which is often de- 
cisive, the question of costs. Each run 
represents expenses in the form of fuel, 
wages, wear and tear, tolls on bridges and 
throughways—all to be added up and 
minimized as far as it may be possible 
under the circumstances. 

Problems concerning minimum distance, 
time, or expense can all be attacked by the 
consideration of a graph, or network G, 
consisting of edges connecting vertices, or 
branch points. The edges then correspond 
to the various sections of roads, and the 
vertices to the forks where they run to- 
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OYSTEIN ORE, Yale University, New Haven, Connecticut. 
What’s the shortest route from here to there? 


March, 1960 


gether. We make no assumption that the 
graph is located in a plane. 

For each edge E=(a, b), there is asso- 
ciated a quantity e(a, b)>0 which repre- 
sents the expenditure in mileage, time, or 
cost, as the case may be. The question is 
then to determine a path consisting of 
consecutive edges 


(1) P=(a, a) (a, a2) a,) 


connecting the end points a) and by)=a, in 
such a manner that the total expenditure 
involved 


(2) e(P) =e(do, bo) =e(ao, a1) +e(a1, a2) 
+e(a,-1, Gn) 


is the smallest possible. 

There are various procedures for finding 
a solution. A most elegant one follows.' We 
mark the initial vertex ao with the number 
M (a) =0; each of the other vertices v in 
G is marked by a number M(b) exceeding 
all distance numbers e(a, b) ; one may even 
write M(b) = «. We now begin a repeated 
reduction of these numbers. When the pair 
of vertices u and v connected by an edge 
(u, v) have the associated numbers M(u) 
and M(v) with 


e(u, v) <M(v) —M(u) 
we replace M(v) by the smaller number 
M,(v) =M(u)+e(u, v) 


At the same time, we indicated at v that 
the reduction was performed from the 


1 See for instance M. Beckman, C. B. McGuire, 
and C. B. Winsten, Studies in the Economics of Trans- 
portation (New Haven: Yale University Press, 1956) 
and L. R. Ford, Network Flow Theory, Rand Corp. 
Publ. P-923 (1956). 


$09, — : 
ve) 4 
i 
2 
J, 
3 
a 
f : 
: 
‘Ar 
‘4 
4 
is 
| 
» 
‘ 
Mare 
} 
; 
iy 


vertex u. The first step in this reduction 
will evidently take place at one of the 
vertices v; which can be reached by an 
edge from do and the new value at »; will 
be the distance e(do, v1). 

Since the graph is finite, the reduction 
process must eventually come to a halt. At 
the vertex bo =a, there will be a neighbor- 
ing vertex a,—_; used in the last reduction 
at a,, similarly at a,_; there is a last reduc- 
tion with respect to some d,_2, and so on. 
Correspondingly, one has a decreasing 
sequence of index numbers 


(3) M (a,) = +e(Gn, 
M (a,_1) M (an-2) +e(an1, Gn—2) 


The corresponding path can only termi- 
nate at ao, for at all other vertices there 
has been a reduction at some time. Thus 
we have determined a path P as in (1) 
connecting a») and bo. By adding the equa- 
tions (3), one sees that the length of P is 
the reduced index value at bo 


e(P) = M (bo) 


It remains to show that the path P we 
have arrived at gives the smallest possible 
value for e(P). To prove this, let 


(2 = (@o, (di, be) (Omi, bo) 


be another connecting itinerary between 
ay and bo. Since there are no more possible 
reductions, one must have 


M (bo) SM (bn-1) +e(bo0, 
M (bm—1) 4 M (bn-2) +e(bm—1, Dm—2) 


By adding these inequalities one finds 


M (bo) Se(bo, Dm—1) +e(Om—1, Dm—2) + 
or 


e(Q) =e(P) as desired. 


This ingenious method suffers from a 
serious drawback: for most applications it 
is highly impractical. In particular, it re- 
quires the reduction of the entire graph. 
The situation is similar to that in the 
labyrinth problem which we discussed in 


a previous article.? Here there were elegant 
procedures to cover all passageways in the 
maze to the most remote crevices, yet this 
was not required to achieve the essential 
object of the search, to find the entrance 
from which one had come. 

A method related to the one we used in 
the labyrinths can also be applied to de- 
termine the shortest itinerary. Beginning 
at the initial vertex a, in the graph G, one 
proceeds to all vertices v; which can be 
reached by a single edge. At each v; one 
writes the distance from ao, the shortest if 
there should be several edges to v;. From 
each »; one proceeds to the vertices v2 
which can be reached from ¢. vertex v; by 
a single edge. For each v2 one notes the 
shortest distance and the corresponding 
path from a». One then continues to the 
vertices v; connected by an edge not pre- 
viously considered to a vertex vz and writes 
shortest distance and path. 

In this manner one must eventually, say 
in m, steps, reach the destination v,,=bo 
in a path P, of length d,(bo). One can then 
discard all other shortest paths to vertices 
Vm, With 


di(Um,) 2 di(bo) 


since by continuation they cannot give any 
shorter path to bo. The others are con- 
tinued along new edges as before, but they 
are discontinued when their length exceeds 
d,(bo). One may reach by on another path 
with edges but a distance 


dz(bo) <di(bo) 


One then discards P, and all paths to 
vertices ¥m, With 


> da(bo) 


Since all distances increase, this construc- 
tion must cease after a certain number of 
steps, and the shortest path P(ao, bo) is 
obtained. 

This last construction is particularly 
effective when one wants to determine the 
shortest or fastest or cheapest route to all 


20. Ore, “An Excursion into Labyrinths,” Tue 
MarTuHematics Teacuer, LII (May 1959), 367-70. 
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localities within a region surrounding some 
distribution center. Then each driver can 
be given ready-made instructions for the 
most economical way of getting to his des- 
tination. The situation is much more com- 
plicated when the driver is to visit several 
places on the same trip. If there are only 
two places, a; and dz, he can always take 
a triangular route do, @:, @2, a on the 
shortest connecting roads. But if there are 
more destinations, no such easy rule can 
be given. The reader may try to analyze 
the alternatives when there are three des- 
tinations a), a2, a3 from ap. 

The general problem of finding the 
shortest route passing through n localities 
with given distances 


G2, ***, An 


and returning to the point of departure a» 
is known as the Traveling Salesman Prob- 
lem. No effective algorism for determining 


What's new? 


the solution is known in spite of the fact 
that it is a most important problem for 
various phases of operations research. In 
its original form, it deals with a salesman 
assigned to a territory consisting of cer- 
tain cities to be visited. Naturally he 
wishes to return to his home office after as 
little travel as possible. But the problem 
has other, more important applications 
to the planning for an effective use of 
personnel, rolling stock, planes, ete. A 
large scale example of the Traveling Sales- 
man Problem has been carried through by 
Dantzig, Fulkerson, and Johnson in deter- 
mining the shortest air path connecting 
the various capitals of the states in the 
U.S.A.? 


3G. Dantzig, R. Fulkerson, S. Johnson, “Solution 
of a Large Scale Traveling Salesman Problem,” Jour- 
nal of the Operations Research Society of America, II 
(1954), 393-410. See also M. M. Flood, “The Travel- 
ing Salesman Problem,”’ ibid., IV (1956), 61-75. 
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A two-and-one-half-place logarithm table 


M. E. HARTZLER, I.B.M., White Plains, New York. 


Approximating log x by finding integers m and n 


THE CLASSICAL, BUT too little-known, 
method for obtaining two-place logarithms 
of the integers between 1 and 10 has re- 
cently been incorporated in two texts.' In 
the present paper we elaborate on this 
method and set up a two-place table of all 
integers between 1 and 100. In fact, our 
table, without being accurate to three 
decimals, is more accurate than a two- 
place table and may be said to be correct 
to two-and-a-half places. Students find 
this method stimulating and interesting. 
This method clearly illustrates for the stu- 
dent the relationship between exponents 
and logarithms, and shows how to deal 
with errors inherent in all log tables. 

Besides the primary key entries in the 
table, that is, the logarithms of the integers 
between 1 and 10, we determine approxi- 
mate values of the logarithms of a few 
numbers between 10 and 100, which we 
call secondary key entries. All other entries 
are computed by interpolation. 


THE PRIMARY KEY ENTRIES 


The method is based on the fact that 2!° 
(that is, 1024) is approximately equal to 
10° (that is, 1000). We will write ““~”’ for 
“approximately equal.” 


' Karl Menger, Calculus. A Modern Approach 
(Boston: Ginn and Co., 1955), p. 23, and Basie Con- 
cepts of Mathematics. A Companion to Current Tezt- 
books. Part I. Algebra (Chicago: Illinois Institute of 
Technology Bookstore, 1957), p. 49, 50. 

This paper has developed from a problem formu- 
lated to the author in 1957 by Professor Menger in his 
course Mathematics 400, Basic Concepts of Mathe- 
matics, which for the past two years has been offered 
in N.S.F. sponsored In-Service Institutes for High 
School Teachers at the Illinois Institute of Tech- 
nology. 


such that x™ is approximately equal to 10°. 
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2'°~10' implies 2~1079=107 and 
hence log 2~.3. While 1024 exceeds 1000 
by almost 23%, fortunately log 2 exceeds 
.3 by less? than .00104 (or about 3%). 
More precisely, to five decimals, log 2 
= .30103; therefore .30 is accurate to two 
decimals. 

From log 2~.30* it follows that log 4 
~.60* and log 8~.90*. Moreover, 


log 5=log 10—log 2~1—.30*+~.70-. 


The raised + (or —) after an approximate 
value indicates that that number has to be 
increased (or decreased) to yield the actual 
logarithm. All four logarithms mentioned 
are accurate to two places. Even log 8 ex- 
ceeds .90 by less than .0031. 

The situation concerning log 3 and log 9 
is somewhat less favorable. 34 (that is, 81) 
exceeds 80 by 13%. Hence 


4 log 3~log 8+log 10~1.9* 


and 


log 3~.475*. 


On the other hand, 3° (that is, 19683) is 
close to 20000 or 2-10‘, wherefore’ 


9 log 3~log 2+log 10'~4.3+ 


and 


log 3 i 47 
og d~— = .4/. 


2? This can be proved by calculus. See Menger, 
Calculus. A Modern Approach, loc. cit., p. 288. 

3 Since 9 log 3 is less than 4+log 2 but log 2>.30, 
the reasoning above permits only the inference that 


log 3~.47 and not that log 3<.47. But, as one can 
prove by calculus, this inequality is valid. 
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Here, .47 is an abbreviation of the periodic 
decimal fraction .477---7--++ To two 
places, log 3=.48. Since, to five places, 
log 3=.47712, the two-place approxima- 
tion .48 is closer to log 3 than .90 is to 
log 8. 

In computing log 6 as log 2+log 
3~.30* +.48-~.78, the two inaccuracies 
partly cancel one another, and .78 ac- 
tually exceeds log 6 by less than .002. If 
we computed log 9 as 2 log 3, however, we 
would double the inaccuracy committed 
by setting log 3~.48. We therefore will 
double .47 rather than .48. The number 
.95 thus obtained is about midway be- 
tween .95 and .96, therefore we will use 
.955 for the table. The introduction of 
midpoints between numbers differing by 
.01 will result in a table that is more ac- 
curate than a mere two-place table. 

Such a midpoint is particularly appro- 
priate for log 7. Since 7‘ (that is, 2401) is 
close* to 2400 (which is 3-8-10?) it follows 
that 


4 log 7~log 3+log 8+2~3.38 


and 
log 7~.845. 


This number is an approximation for log 7 
to three decimals. 

The actual entries in our table will be, 
as is customary, the mantissas of the 
logarithms. Those for the integers between 
1 and 10, the primary key entries, are 

1 2 3 4 5 66 7 8 9 10 

00 30+ *48- 60+ 70 78 84, *90* 95, 00 
To lessen confusion arising from having 
three-digit numbers in what is essentially 
a two-place table, we lower the 5 in the 
third place of the mantissas. The log- 
arithms of 3 and 8, marked with an 
asterisk, will be slightly corrected in 
Section 3. 


THE SECONDARY KEY ENTRIES 


By means of the primary key entries we 
next determine the logarithms of a few 


4 This was pointed out to the author by Mr. D. M. 
Hyman, 
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numbers that are the products of integers 
between 1 and 10. 


Mantissa 
log 12=log 3+log 4~1.08 08 
log 14=log 2+log 7~1.145 14, 
log 25=2 log 5 ~1.40 40 
log 28=log 44+log 7~1.445 44s 
log 35=log 5+log 7~1.545 545 
log 36=log 4+log 9~1.555 555 
log 45=log 5+log 9~1.655 655 
log 48=log 4+log 12~1.68 68 


It will be noted that we have not deter- 
mined log 16 as 4 log 2; the reason being 
that we avoid quadrupling the inaccuracy 
committed by setting log 2~.30. For a 
similar reason we have refrained from de- 
termining log 27 as 3 log 3. 

Since log 10=1.00 and log 12~1.08, it 
follows from the interpolation law (to be 
discussed in Section 3) that log 11 cannot 
be less than 1.04. On the other hand, 


100 
11 a implies that 


log 11 <2—log 9~1.045. 


We therefore set log 11~1.04. (Actually, 
to five decimals, log 11 = 1.04139.) 

In possession of log 11, we can deter- 
mine the logarithms of 22, 33, 55, 66, and 
77. The mantissas exceed by .04 those of 
2, 3, 5, 6, and 7, respectively. 

At this stage, the tentative two-place 
table looks like accompanying Table 1, on 
page 185. 

The last column has been given to facili- 
tate interpolation. 


INTERPOLATION® 
From 


a 


a+l1 
>—— for a>1l, 
a—1l a 


5 This section was suggested by and written with 
the assistance of Professor Karl Menger at Illinois 
Institute of Technology, whose time was available 
through a grant of the Carnegie Corporation of New 
York for the development of Menger’s new approach 
to the teaching of intermediate mathematics. 
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TABLE 1—TENTATIVE TWO-PLACE TABLE 


1 2 3 


04 08 


34 


it follows that 
log a—log (a—1)>log (a+1)—loga 
for each integer a>1. 


Of course this inequality is valid for suf- 
ficiently accurate approximate logarithms 
of the three consecutive integers a—1, a, 
a+1; that is to say, in a log table of suf- 
ficiently many places, the difference be- 
tween the entries for a and a—1 exceeds 
the difference between the entries for a+1 
and a. In a table that is not sufficiently ac- 
curate, however, there may be exceptions 
to this rule of decreasing differences. For 
instance, there are exceptions in a one- 
place table of the integers between 1 and 
10, which (according to the preceding two- 
place table) reads as shown in the first of 
the two rows of bracketed numbers below. 


Number: 


Mantissa: 
Difference: 


Not only have five pairs of consecutive 
entries the same difference, namely 1, but 
the difference 0 between the entries for 6 
and 7 is followed by the greater difference 
1 between the entries for 7 and 8. 

Five-place tables for the integers from 
1 to 10000 abound in exceptions to the 
rule of decreasing differences. For in- 
stance, on the page devoted to the 500 
numbers from 4500 to 5000, only three dif- 
ferences between consecutive entries oc- 
cur: 10, 9, and 8. Consequently, many con- 
secutive differences are equal. It cannot 
even be claimed that all the differences 9 
occur after all the differences 10. For in- 
stance, the entries for the numbers from 
4500 to 4509 read as shown in the second 
row below. 

Naturally, we shall face the same dif- 


Number: 


Mantissa: 
Difference: 
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: 0 4 5 6 7 8 9 | ste 
2 | 30+ 40 44s *48- 
3 | *48- | 52 54, | 55s 60+ 
4 | 60+ 65s 68 70 
5 70 74 78 
6 78 82 84, 
7 | 84 88, 
9 | 95s 100 
@. P| 450 0 1 2 3 4 5 6 7 8 9 ze 
65 321 331 341 £350 360 369 «389 «398 408 
sf 10 10 9 10 9 10 10 9 10 oe 


ficulties in setting up a two-place table for 
the integers between 1 and 100. All that 
can be done is to avoid, as far as possible, 
increasing differences between consecutive 
entries. 

In the first row of our tentative table, 
the difference between the entries 08 and 
14, is 06;. The greater part should go into 
the difference between the entries for 12 
and 13, the smaller part into the difference 
between 13 and 14. This yields the entry 
11; for 13. 

The entries for 14 and 20 differ by 15s. 
The best partition of this difference into 
six differences is 


15, =03+03+02;+02;+02,+02. 
The resulting entries 
for 14 15 16 17 18 19 20 
are 14, 17; 20; 23 25; 28 30. 


The entry. 25; for 18 actually is the man- 
tissa of log 2+log 9~1.25s. 

In the second row, interpolation sug- 
gests the entry 32 for 21 as well as 36 
for 23 and 38 for 24. Indeed, 1.38~ 


log 3+log 8. 
The best partition of the difference be- 
tween 40 and 48° in five differences is 


08 =01,;+01;+01,+01,02. 
This yields the following entries: 
41; for 26, which is confirmed by the fact 
that 1.41,~log 2+log 13; 
43 for 27; 
44, for 28, which is confirmed by 
1.44,~log 4+log 7; 
46 for 29. 
That the difference between the entries for 
29 and 30 exceeds the preceding difference 
is mitigated by the fact that log 3<.48. 
For the same reason, the difference be- 
tween 48 and 52 in the third row should be 
partitioned 
04=01+01,+01, 


which yields the entries 49 for 31, and 50, 
for 32. 
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The nine entries for the numbers from 
25 to 33 thus read 


25 26 27 28 29 30 31 32 33 
40 41; 43 44, 46 48 49 50; 52 


with differences: 


Ols Ols Ols Ol, 02 O1 Ol; Ols. 


Inspection of the differences suggests a 
correction of log 3 from .48~ to .475. And 
indeed, since, to five decimals, log 3 
=.47712, the logarithm of 3 is slightly 
closer to .475 than to .48. The corrected 
entry for log 3 is also in agreement with 
the entries 32 for 21, and 43 for 27, since 


log 21 =log 3+log 7~.475+ .845~1.32; 

log 27 =log 3+log 9~.475+ .955~1.43. 
The proper entry for 34 is 53, which is 

confirmed by 1.53~log 2+log 17. 


The best partition of the difference be- 
tween 55, and 60* is 


04;=01,+01+01+01, 


which yields the entries 57, 58, and 59 for 
37, 38, and 39, respectively. The entries 
for 38 and 39 are in agreement with 
38=2-19 and 39=3-13 if one uses the 
corrected log 3. 

In the fourth line, the best interpolation 
between 60+ and 65; is 


60+ 61s 62; 63; 645 65g. 
Reasonable, if not straightforward, inter- 
polations between 65; and 68, between 68 
and 70-, and between 70- and 74 are 
65, 66; 67 68; 68 69 70; 


and 


70- 71 71s 72, 73 74. 


The entries for 49, 52, and 54 are in agree- 
ment with 
1.69~2 log 7, 1.71s~log 2+log 26, 
1.73~log 2+log 27. 
Since 
log 56 =log 2+log 28~.30+1.445~1.745 
log 57 =log 3+log 19~.475+1.28~1.755 
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log 58 =log 2+log 29~.30+1.46~1.76, 


we enter 745, 755, and 76 for 56, 57, and 58, 
respectively, and of course 77 for 59. 
Since 


log 62 =log 2+log 31~.30+1.49~1.79 
log 63 =log 7+log 9~.845+ .955~1.80 
log 64=log 2+log 32~.30+ 1.505~1.805 
log 65 = log 5+log 13~.70+ 1.115 ~1.815, 


we enter 79, 80, 80;, and 81; for 62, 63, 64, 
and 65, respectively. 
Since 


log 69 = log 3+log 23~.475+ 1.36~1.835, 


we enter 83, for 69, which entails the en- 
tries 82, 82;, and 83 for 66, 67, and 68. The 
latter is in agreement with .83~ 
log 2+log 34. 


log 72=log 4+log 18~.60+ 1.255~1.855 
log 75 =log 3+log 25~.475+1.40~1.875 
log 78 =log 2+log 39~.30+ 1.59~1.89. 

These results, in conjunction with reason- 
able interpolations, account for the follow- 


ing entries in the seventh line of the table 
except for the entry for 79: 


84, 85 85, 86; 87 87, 88 88, 89. 


In the eighth row, plus the entry for 79, 
the difference 95;-89, that is, 065, has to be 
partitioned in twelve differences, which 
makes eleven of them 00; and one of them 
01. Since our entry for 80 is 90*, this sug- 
gests we let log 80~1.905 and log 79 
~1.895. This leaves ten differences of .00; 
for the eighth row. The entries in the table 
are, therefore, 

90, 91 91, 92 92, 93 93; 94 94, 95. 
These entries are in agreement with 
1.915~log 2+log 41, 1.925~log 2+ log 42, 

1.945~log 8+log 11. 

In the last row, the difference 100—95s, 
that is, 045, has to be partitioned in ten dif- 
ferences. This means that nine of them are 
00;, while one of them is 00. Choosing the 
two equal consecutive entries in the mid- 
dle of the line one obtains the entries: 

95, 96 96; 97 97, 98 98 98, 99 99,. 


The entries for 92, 95, 96, 98, and 99 are 
in agreement with 


1.965~log 2+log 46 
1.98 ~log 5+log 19~log 3+log 32 
1.99 ~log 2+log 49 
1.995~log 9+log 11. 


Summarizing, we can set up Table 2. 


TABLE 2—Two-aND-ONE-HALF-PLACE LOGARITHM TABLE 


0 


92; 


975 
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Me 1 00 04 | 08 | Is | 14s | 17% | 205 | 23 25, | 28 ia 
2 | 30 32 | 34 36 | 38 40 | 41, | 43 44, | 46 
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iii 8 90, | 91 91, | 92 m= | (83 | 93, | 94 | 94 | 95 ia 
ay 9 95, | 96 96, | 97 m | os | 98 | 98% | 99 | 9% a 


REMARKS 


Comparison with a four-place table re- 
veals that few entries in our 2}-place table 
are inaccurate. Since 


log 56, log 58, log 69 


have the four-place mantissas 
8388, 


7482, 7634, 


the entries in our table should be 


75, 76s, 84 and not 745, 76, 835. 


The logarithms of the numbers from 40 
to 47 have the four-place mantissas 


6335 
6721. 


6232 
6628 


6128 
6532 


6021 
6435 


The last two digits of these numbers are 
so close to 25 that it is impossible to devise 
correct 24-place mantissas without a more 
penetrating analysis, and the accuracy of 
the entries in the fourth row of our table 
is coincidental. A slightly different, and 
rather plausible, reasoning would suggest 


to partition the difference 70-60 of log 5 
—log 4=.70-.60 in ten equal differences, 
.01 each. This would have led to the fol- 
lowing fourth row: 


60 61 62 63 64 65 66 67 68 69. 
And indeed this row would be only slightly 
inferior to that in our table. 

A related difficulty concerns multiplica- 
tion. The worst shortcoming of a 2}-place 
table is the fact that 

log 3=.475 and 2 log 3=.95, 
whereas log 9 = .955. 
But since, to four places, log 3 = .4771 and 
log 9 = .9542, the discrepancy is inevitable. 
Similar difficulties exist in all tables. For 
instance, in a four-place table 


log 4=.6021 and 2 log 4=1.2042, 
whereas log 16= 1.2041. 


Our table is also in minor disagreement 
with the multiplications 


8-9, 2-21, 2-23, 2-28 


and a few others. 


Have you read? 


Scuuster, Cart N. “Locating the Decimal 
Point,’’ Scripta Mathematica, June 1959, 
pp. 149-53. 


You may have tried many methods of teach- 
ing your students to locate the decimal point 
when solving problems. This author gives you a 
best method. His basis is the writing of all num- 
bers in standard notation, that is as powers of 
ten, positive or negative. In this way significant 
digits are known, decimal points can be located 
correctly when the slide rule or computing ma- 
chines are used, and the student obtains an 
understanding of the quantitative nature of 
number. This method brings logarithms to the 
front and provides an easy introduction to 
them. You should read this article, then decide 
if this is the way to keep the wandering decimal 
point in place.—Pui.ip Peak, Indiana Univer- 
stty, Bloomington, Indiana. 


STRINGFELLow, Emma L. ‘Number Systems,” 
Schoo! Science and Mathematics, October 
1959, pp. 557-60. 


Today there are many articles and ideas on 
number systems. This is a short but to the point 
article on the same. The author recommends the 
building of new systems to make the decimal 
system more meaningful. The steps she would 
follow are: (1) determine how consecutive 
numbers are built in the decimal system; (2) 
build the new system and its addition tables; 
(3) find a formula for writing a numeral of any 
value in the new system, She proceeds to show 
examples of a 5 system and a3 system, as well as 
examples of where other systems are now used. 
You may want to give your students the prac- 
tice problems at the end of the article. I am sure 
they would enjoy them.—Paruip Peak, Indiana 
University, Bloomington, Indiana. 
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The law of contraposition 


i 


JOHN A. TIERNEY, United States Naval Academy, Annapolis, Maryland. 
Some examples are given to show how students 
can make use of the law of contraposition 


Most STUDENTS WHO have studied demon- 
strative geometry are familiar with the 
converse of a proposition, but few are 
acquainted with its contrapositive. Let us 
assume that a given proposition has been 
stated in the form: 


If A is true, then B is true. 


A is called the hypothesis of the propo- 
sition and B its conclusion. The converse 
of the proposition is obtained by inter- 
changing the hypothesis and the conclu- 
sion, and may be either true or false. If we 
deny or negate the hypothesis and the 
conclusion and also interchange them, we 
obtain the contrapositive of the proposi- 
tion. The contrapositive of our given 
proposition is: 


If B is not true, then A is not true. 
An example of such a contrapositive is: 


Proposition: If I live in Annapolis, then I 
live in Maryland. 


Contrapositive: If I do not live in Mary- 
land, then I do not live in Annapolis. 


Another example is: 


Proposition: If the roots of az*+br+c=0 
are equal, then b?—4ac=0. 


Contrapositive: If b’—4ac#0, then the 
roots of ax?+bzr+c=0 are not equal. 


In texts on logic, the standard method 
of a truth table is employed to prove that 
a proposition and its contrapositive are 
both true or both false. This result is 
known as the Law of Contraposition. If 
students of mathematics were familiar 


in the solution of some problems. 


with this law they would find it very use- 
ful in analyzing both mathematical and 
nonmathematical propositions. A state- 
ment of the law could be given, and the 
students could construct illustrations. 

It is interesting to note that the familiar 
method of indirect proof is an application 
of the Law of Contraposition. Suppose we 
wish to prove a theorem of the form “If p 
is true, then q is true.”” We assume that q 
is false and show as a consequence that p 
is false. We then conclude that q is true 
since we have arrived at an obvious con- 
tradiction. Actually we have demon- 
strated that ~q—~p (Read: not q im- 
plies not p.), and hence its contrapositive 
p—q must also be true. To illustrate, sup- 
pose we wish to prove the following 
theorem from plane geometry: 

If two distinct lines are perpendicular to 
the same line, then they are parallel. 

We prove instead the following: 

If two distinct lines are not parallel, then 
they are not perpendicular to the same 
line. 

Having established the second theorem, 
we know the first to be true since they are 
contrapositive to one another. 

We now consider an illustration from 
algebra. Let us assume that in studying 
the theory of equations we have estab- 
lished the following theorems concerning 
a polynomial f(z): 

1. If f(r) =0, then (x—r) is a factor of 

f(z). 

2. If (x—r) is a factor of f(x), then 

f(r)= 

Theorem 1 is called the Factor Theorem, 
and Theorem 2 is its converse. Now sup- 
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pose we give a student the following 
problem: Is x—1 a factor of x*—1? 

If the student is competent, he will 
recognize that f(1) =0, thus satisfying the 
hypothesis of Theorem 1, and that as a 
consequence the conclusion of Theorem | 
follows, namely that (r—1) is a factor of 

Now give the same student this prob- 
lem: Is r+1 a factor of 2*%—1? 

Even a competent student will find this 
much more difficult than the first problem. 
The trouble is that he is unable to satisfy 
the hypothesis of either Theorem 1 or 
Theorem 2. The problem is easy if we 
write the contrapositive of Theorem 2: 

If f(r) #0, then (x—r) is not a factor of 
f(z). 

Since f(—1)=—2+0, x—(-1)=2+1 
is not a factor of «*—1. 

Another application is afforded by the 
study of an equation of a locus, defined as 
follows: 

f(x, y) =0 is an equation of a locus if it 
is satisfied by the co-ordinates of every 
point of the locus and by the co-ordinates 
of no other point. 

This definition includes the following 
two statements: 

1. If P(x, y) is on the locus, its co- 
ordinates satisfy f(z, y) =0. 

2. If Q(z, y) is not on the locus, its co- 
ordinates do not satisfy f(x, y) =0. 

This is very confusing to the student 
because most texts, in deriving an equa- 
tion of a locus, show that the first state- 
ment holds and then verify the contra- 
positive of the second statement, namely: 

If the co-ordinates of Q(z, y) satisfy 
f(x, y) =0, then Q(z, y) is on the locus. 

For example, it is shown that if P(2, y) 
is (with axes appropriately chosen) any 
point of an ellipse, then 


2 
a® 
Next it is demonstrated that if 
Xo? Yo" 


then the point (20, yo) is on the ellipse. 
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This development will be clearer to the 
student once he understands that the 
second statement and its contrapositive 
are equivalent statements. A discussion of 
the following two problems is also in- 
structive. 

1. Is 2?+y?—1=0 an equation of the 
semicircle through (—1, 0), (0, 1), and 
(1, 0)? 

2. Is y—V/1—2*=0 an equation of the 
unit circle with center at the origin? 

We next consider an example from the 
calculus. In the study of infinite series we 
prove the following: 


If Un converges, then lim u, =0. 
n=l a2 


We then ask the student to demonstrate 
that the series 
n 
n=l n+1 


diverges. This puzzles him because the hy- 
pothesis of the statement given involves a 
series which converges and his problem 
concerns a series which supposedly does 
not converge. The problem is simplified if 
he realizes that the contrapositive is also 
true, namely: 


If lim u,#0,then >> u, does not con- 


n=l 


verge; that is, ¥” u, diverges. 


n=l 


These are but a few of the instances in 
which an acquaintance with the Law of 
Contraposition would be helpful to the 


student. 
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Numbers, numerals, and last digits’ 


HARLAN J. KOCA, Lyons Township High School and Junior College, 
La Grange, Illinois. 
Since ‘1/4’, ‘.25’, ‘.250’, and ‘.249’ -- - are all names for the same number, 

is it correct to speak of “‘the last digit of a number’? 


SINCE THE TURN of the century, under the 
impetus of the work of the German logi- 
cian G. Frege,” logicians have stressed the 
difference between numbers and numerals, 
i.e., symbols for numbers. Recognition of 
this distinction has finally entered the 
realm of secondary education, and we 
should continually caution our pupils 
about the difference between a number 
and its numeral. Are we teachers fully 
aware of all the differences between these 
two concepts? The purpose of this article 
is to indicate one instance where a prop- 
erty, commonly attributed to numbers, is, 
in fact, a property of the numerals that 
represent those numbers. 

There seems to be no problem in ascer- 
taining “the last digit of the number 
.2498.”” Upon inspection of the numeral, 
one would say ‘8’. Similarly, the last digits 
in ‘249’, ‘2499’, and ‘24999’ would be 
determined to be ‘9’, where the nonter- 
minating periodic decimal ‘24999...’ 
(hereafter symbolized by ‘.249’) has no 
last digit. Similarly, the last digits in 
‘25’, ‘250’, and ‘.2500’ are ‘5’, ‘0’, and ‘0’ 
respectively, while ‘250’ has no last digit. 
But the numerals ‘.25’, ‘250’, ‘.2500’, and 
‘250’ represent the same number which 
also has the numeral ‘3’. Moreover .249 = }. 
Therefore, even ‘.249’ is another numeral 
for the same number. Hence one cannot 
speak about the last digit of a number. 
One can only ascertain the last digit of a 
specific decimal numeral for that number, 

1 This article was written as a result of investiga- 
tions stimulated by the In-Service Institute for High 
School Teachers conducted by Dr. Karl Menger and 
sponsored by the National Science Foundation at 
Illinois Institute of Technology, Chicago, Illinois. 

? Karl Menger, The Basic Concepts of Mathematics 


(Chicago: The Bookstore, Illinois Institute of Tech- 
nology, 1957), Chap. I. 


various numerals having various last digits 
or even no last digit at all. 

In the same fashion, one sees that the 
third digits in the numerals ‘.249’, ‘.250’, 
‘2500’, and ‘.250’ are, respectively, ‘9’, ‘0’, 
‘0’, and ‘0’, while ‘.25’ has no third digit. 
Thus, the third digits of the numerals for 
.250 are also not uniquely determined. 
Hence, in certain cases, one cannot even 
speak about the third decimal digit. 

It should be noted that this ambiguity 
concerning digits other than the last arises 
only when a number has at least one ter- 
minating decimal numeral. Thus no am- 
biguity arises when one asks for the fourth 
decimal digit of the decimal symbol for z 
or or .3434-- - (.34). The-only way 
this problem can be resolved for numbers 
with at least one terminating decimal nu- 
meral is by rephrasing the problem. We 
may properly seek the third and last digits 
in the various decimal numerals for }. The 
answers are: ‘0’ and ‘0’ in ‘.250’; ‘0’ and 
‘0’ in ‘.2500’; ‘0’ and none in ‘.250’; ‘9’ and 
none in ‘.249’; and none and none in ‘.25.’ 
Therefore, the digits depend upon the 
symbol, or numeral, one chooses to use for 
that number. 

An interesting aspect of the property of 
numerals here discussed is the answer to 
the question, “What is known about a 
number if the first three digits in some of 
its decimal numerals are in order ‘4’, ‘6’, 
and ‘3’?” Since the smallest number desig- 
nated by these three digits in this order is 
.4630 and the largest is .4639=.464, any 
number, c, with this property satisfies the 
inequality .463 Sc S .464; that is, the num- 
ber is neither less than .463 nor greater 
than .464, but it may be equal to either of 
these numbers. 
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@ HISTORICALLY SPEAKING,— 


i 


Monsieur Fermat 


Very often one finds a little town pro- 
ducing a great genius. The village of Beau- 
mont de Lomagne on the Garonne and 
Tarne Rivers in the province of Gascogny 
in southern France became on an August 
morning the birthplace of just such an in- 
cipient genius. Dominic Fermat, an es- 
teemed member of the tiny community, 
and his wife, Clare de Long, took their 
young son to the parish church on August 
20, 1601 to be christened Pierre de Fer- 
mat, a name which was destined to live 
long past the child. 

The little boy was brought up like most 
other little boys. We have no stories of his 
childhood genius because the earliest de- 
' tails of his life remain obscure. His mother 
was of a very learned family of Parliamen- 
tarians. She probably taught him his first 
lessons in his father’s leather shop. They 
were lessons of kindness and humility 
which so characterized his nature. From 
his father, who besides being the town 
leather merchant was second councilor of 
the village, the boy gained his knowledge 
of the law. From his family in general he 
must have become permeated with that 
peace which he loved all his life. Indeed 
the boy was very unworldly, so much so 
that he stands out in later life as a naive 
and peaceful figure against a tumultuous 
political and intellectual background. 

The family later moved to Toulouse, 
where Pierre received the last part of his 
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education at the famous and ancient uni- 
versity of that city. Here he lived most of 
his life in the midst of medieval learning. 

When he was thirty years old he began 
his own family life. Louise de Long, a 
cousin of his mother, became his wife on 
the first of June, 1631. The story of his 
married life is a reflection of the principles 
with which he was so thoroughly imbued 
in his father’s home. And Pierre de Fer- 
mat’s own family became just as much a 
monument to that Christian gentleman as 
did his works. Samuel-Clément, born in 
1632, was destined to become his father’s 
successor in the Parliament, and, as a 
writer and classicist, the chief publisher of 
his father’s works after that eminent 
mathematician’s death. The second son, 
Jean, became a priest and later Arch Dea- 
con of Fimarens, while Catherine and 
Louise, the youngest daughters, became 
members of religious orders. The eldest 
daughter, Clare, was happily married, and 
her grandson, Jean Gailhard, succeeded 
Samuel’s son, Jean Francois, as Councilor 
in the Parliament. It is evident that no 
matter how full Pierre Fermat’s life was, 
he did not lose sight of his children and 
gave them the same training he himself 
had had. 

We learn from Fermat’s letters that al- 
though his many avocations held first 
place in his heart, his legal business never- 
theless was always executed with scrupu- 
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lous fidelity. The year 1634 saw him nom- 
inated Councilor of the Parliament of 
Toulouse. This Council had been made 
strictly a judicial affair by Cardinal 
Richelieu and divested of any political 
authority. Monsieur Fermat became 
known throughout France, and in fact all 
Europe, as “le célébre Conseiller de 
Toulouse.” This we learn from his con- 
temporaries, for, as in his personal life so 
in his profession, he had a great aversion to 
publicity—-as much a mark of distinction 
in that day as in our own. 

The man was an artist and a scholar. 
After his work was finished one can imag- 
ine him devoting half his time to the in- 
struction of his children and the other 
half to scholarly pursuits. He was in- 
terested in music, poetry, and the classics. 
He found time to correspond with Balzac, 
Houet, Chapelain; to read and criticize 
their works; to philosophize with them 
_ and against them, always in a kind, frank 
manner. He recorded in Latin the local 
customs and life of his native village of 
Beaumont de Lomagne. He made a thor- 
ough study and wrote commentaries on 
Polyaenus, Synesius, Theon of Smyrna, 
and many other ancient Latin writers. We 
find in his works several beautiful poems 
in Latin, among them the “Cede Deo,” a 
fine piece of philosophy dressed in the 
most mellifluous Latin verse. It seems al- 
most impossible to the average human be- 
ing that a man so active in all these fields 
could possibly find time for any more. Yet 
the greatest of his hobbies, the closest to 
his heart, that for which he will never be 
forgotten, was his devotion to the queen 
of sciences. In a century when names such 
as Newton, Leibniz, Bernoulli, Huygens, 
Torricelli, Roberval, Pascal, Descartes, 
Wallis, Cavalieri, Oughtred, Careavi, Mer- 
senne, and many others were becoming 
famous, the name of Pierre de Fermat 
dominated the whole circle—not in rank 
of publicity, but in genius and universality 
of knowledge. Fermat knew all these men; 
they were his friends and correspondents. 
It was through his letters to them that the 


world has a record of his many valuable 
contributions to mathematics. He was 
loved and respected by every one of these 
great men. Even Descartes realized his 
superiority. They sought his advice on 
their inventions and were the recipients 
of his vast knowledge. In a century when 
Leibniz and Newton contended for the 
priority of the invention of the Calculus, 
and the scientists of the day were jeal- 
ously guarding their secrets for fear of 
plagiarism, Fermat was giving generously 
and unassumingly to the world of savants 
great and unheralded discoveries, with no 
desire for praise except that one appreci- 
ate the “beauty” of some particular the- 
orem. 

Nine years before Descartes published 
his work on Analytic Geometry, the 
principal concepts of that analysis ap- 
peared in Fermat’s unpublished com- 
mentary on ‘‘Lieux plans d’Apollonius.”’ 
The keynote of the Differential Calculus 
appeared from his pen before Leibniz and 
Newton even thought of contesting ijt. We 
see the beginnings of the Calculus of Prob- 
ability in his correspondence with Pascal 
long before Jacques Bernoulli got hold of 
it, while the great and new study of Num- 
ber Theory appeared as marginal notes 
on Bachet’s edition of Diophantus and in 
letters to many friends. Monsieur Baccou 
writes,' “‘Perhaps unique in the history of 
science and letters is the case in which this 
genial soul shows itself in Geometry, Alge- 
bra, and finally in the Theory of Numbers 
—one of the great modern sciences—and 
has not shown any of his works in public.”’ 

Of over 3280 mathematical manuscripts 
written during his lifetime, Fermat pub- 
lished only one, and that just five years 
before his death, under the initials 
M.P.E.A.S. As deep a philosopher and 
artist as he was a scientist, he knew the 
futility of worldly honors and loved 
mathematics for its sake alone. On one oc- 
casion Descartes, highly temperamental 


1 Edmond Pilon, ‘‘Une grande amité,"" Revue Po- 
litique et Littéraire, Nov. 19, 1932. 
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and extremely jealous, made a remark 
strikingly like that of the Pharisee in the 
Gospels. ‘‘Monsieur Fermat,’”’ he said, “‘is 
a Gascogne. I am not,’’ meaning to say 
that the gentleman was a braggart. To 
this accusation the naive and affable 
scholar humbly replied, ‘““Monsieur Des- 
cartes would not have esteemed me so 
little if I had not esteemed myself less.’’ 
Not Descartes with all his philosophical 
rigor, nor Pascal himself in a moral and 
religious crisis, attained such absolute de- 
tachment and complete separation from 
human honors with their noise and smoke. 

Fermat’s intimate friends were few. 
Only Blaise Pascal, Carcavi, and Father 
Mersenne gained the sanctum of this 
great soul. Pascal he loved dearly because 
of their similar views in many fields and 
because of the gentleness of his spirit, so 
like his own. Pierre Carcavi, librarian of 
Colbert and confrere at the Parliament, 
was the ‘dépositaire’’ of most of his 
beautiful writings. To Father Mersenne, 
however, he wrote most of his letters, de- 
lighting in the sympathetic and enthusi- 
astic reception the “Reverend” Father 
gave them. Father Mersenne, more than 
anyone else in the century, realized the 
rare genius of this man and spread his 
name throughout the intellectual world. 

When death came, it fittingly came 
quickly to such an active person. Fermat, 
on January 9, 1665, made a report of an 
important process to the Parliament. 
Three days later he was dead. In the Jour- 
nal des Savants of February 9, 1665, there 
appeared the following eulogy of the great 
man.* ‘‘We have learned with much sorrow 
of the death of Monsieur Fermat, Coun- 
cilor in the Parliament of Toulouse. His 
was one of the most beautiful spirits of the 
century, a genius so universal that if all 
the scholars had rendered testimony of his 
extraordinary merits one would have some 
difficulty believing all the things said of 
him, for nothing could cut short his eu- 
logy.”’ 


2 Ibid. 
3 Pierre Fermat, Varia Opéra, p. 14. 


Samuel had a very hard time collecting 
his father’s works for publication, for they 
lay in every part of the mathematical 
world and were written in Spanish, Ger- 
man, Latin, Greek, English, and French. 
The great man had never kept a copy of 
his proofs for himself, for as he often said, 
“T content myself with having discovered 
the truth and knowing the means of proof 
if I should ever lose it again.’’* It is for- 
tunate in one way that Fermat left the 
only record of his discoveries in his letters 
to the eminent mathematicians of the day, 
for in studying these manuscripts we do 
not investigate didactic documents, but 
the vibrant personality of a great genius 
which is apparent in the spontaneous 
words to his friends. 

Today in the ancient city of Toulouse 
there rest in honored memory two of the 
greatest geniuses of all time, St. Thomas 
Aquinas and Pierre Fermat—one honored 
by the world of philosophy, the other by 
the world of science. There are many 
striking comparisons which could be 
drawn between the two great scholars, for 
example, the vast field covered by each in 
his own realm and the multiplicity of 
duties during life. But that which is most 
interesting, because of its rarity, is the 
deep humility possessed by each great 
mind. This quality, so unique in the char- 
acter of man, was produced by a childlike 
simplicity and complete submission of 
their lives to God’s will. Fortunately, Sam- 
uel Fermat was able to include in the 
works of his father a single Latin poem 
written by the latter to Jean Balzac, a 
famous author of the day, who seemed to 
be enamored of his own brilliance. With 
the permission of the gentlemen of mathe- 
maties we will conclude this life of Fermat 
with parts of his “Cede Deo’’; our excuse 
for placing it in a mathematics journal is 
that it gives us a glimpse of Fermat that is 
unique, for in no other place do we find 
him revealing his heart and not his intel- 
lect. And we must know not only Fermat 


Pierre Fermat, Oeuvres, Vol. II, 
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Why have you bound your imagination with fear 
of false images? 


the mathematician to appreciate his uni- 
versal genius, but Fermat the poet, phi- 


losopher, and deeply religious gentleman. 


light. 


tongue, God? 


Diophantus, the famous Greek number 
theorist of antiquity, wrote at least three 
mathematical works, of which his Arith- 
metica is by far the most important. The 
Arithmetica is an analytical treatment of 
algebraic number theory and marks the 
author as a genius in this field. Only six 
of the original thirteen books of the 
Arithmetica are extant, and these six books 
are devoted to the solution of about 130 
number problems of considerable variety 
and degree of difficulty. There have been 
many commentaries of the Arithmetica, 
but it was Regiomontanus who, in 1463, 
called for a Latin translation of the extant 
Greek text. The call was met in 1575 by 
Xylander (the Greek name assumed by 
Wilhelm Holzmann, a professor of mathe- 
matics at the University of Heidelberg), 
who made a meritorious translation with 
commentary. This Xylander translation 
was later used by the Frenchman Bachet 
de Méziriac when, in 1621, he published 
the first edition of the Greek text along 
with a Latin translation and notes. 

Pierre Fermat secured a copy of the 
Bachet edition of Diophantus’ Arith- 
metica and used the copy as a combina- 
tion textbook and notebook. Many of 
Fermat’s contributions to the field of num- 
ber theory occur as marginal statements 


Alas, ’tis a pity the sharpness of your intellect 
Has taught you to prefer vain colors to the true 


Why does your unhappy reason carry on its war, 
And seek to destroy by the sharpness of its 


Fermat's method of infinite descent 


Yield to God, God whom all the heavens pro- 


claim, 
God before whom all nature is subservient, 


Whom the earth and the sea and the fierce in- 


domitable winds obey.® 


by Howard Eves, University of Maine, Orono, Maine 


inserted in his copy of the Arithmetica. 
In 1670, five years after Fermat’s death, 
these marginal notes were incorporated in 
a new, but unfortunately carelessly 
printed, edition of the Arithmetica, 
brought out by Fermat’s son, Clément- 
Samuel. In this edition we find, accom- 
panying Problem 26 of Book VI, the fol- 
lowing marginal note by Fermat. ‘The 
area of a right triangle whose sides are 
rational numbers cannot be a square num- 
ber. I have obtained a proof of this the- 
orem only after extensive and arduous ef- 
fort. I here reproduce the proof, since the 
procedure used will make possible wonder- 
ful progress in number theory.”’ Then fol- 
lows an indication of the proof. 

The procedure alluded to by Fermat is 
ingenious, and has since become known as 
Fermat's method of infinite descent. The 
method apparently was used with success 
by Fermat on a number of occasions. For 
example, in one of his letters to Roberval, 
Fermat describes the difficulties he experi- 
enced in trying to establish a celebrated 
conjecture made by Bachet that every 
positive integer can be written as the sum 
of at most four squares, and in the letter 


5 Pierre Fermat, Oeuvres, Vol. I, 396-98. 
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Fermat says that he finally succeeded by 
the use of his favorite method of infinite 
descent. Again, in 1897 a paper was found 
in the library at Leyden among the manu- 
scripts of Christiaan Huygens, in which 
Fermat describes the method of infinite 
descent. 

The method of infinite descent is par- 
ticularly useful in establishing negative 
results. In outline the method is this. To 
prove that there do not exist positive inte- 
gers a, b, c,--- satisfying a relation 
R(a, b, c, - + - ), assume the contrary. On 


this assumption show that R(a,, by, 
¢;,- ++) holds, where a,;<a. Then in like 
manner we may show that R(a2, be, 
holds, where az<a;, and so on 


ad infinitum. But, since there are only a 
finite number of positive integers less 
than a, this is impossible. We are thus led 
to a contradiction, whence we conclude 
that the relation R(a, b, c---) is not 
satisfied by positive integers a, b, c, - - - 
To clarify the Fermat method of in- 
finite descent, let us consider a simple ap- 
plication of the method. Let us prove by 
the method that +/2 is irrational. Sup- 
pose, on the contrary, that /2=a/b, 


where a and b are positive integers. Now 


V2+1=1/(2-1), 


whence 
1 b 
b 
b 
and 
b 2b-—a 
V/2=— 1 =———-=— » say 
b a—b a—b bh 


But, since 1<+/2<2, after replacing /2 
by a/b and then multiplying through by 
b, we have b<a<2b. Now, since a< 2h, it 
follows that 0<2b—a=a,. And since 
b<a, it follows that a;,=2b—a<a. Thus 
qi is a positive integer less than a. By a 
reapplication of our procedure we find /2 
=42/b2, where az is a positive integer less 
than a;. The process may be repeated in- 
definitely. But the positive integers can- 
not be decreased in magnitude indefi- 
nitely. It therefore follows that our orig- 
inal assumption that »/2=a/b, where a 
and b are positive integers, is untenable. 
That is, +/2 is irrational. 


“That the whole is greater than its parts is 
not an axiom, as that eminently bad reasoner, 
Euclid, made it to be... . Of finite collections 
it is true, of infinite collections false.’’—C. S. 
Peirce. 


“A good numeration, accompanied by a good 
notation, is essential for proficient work in num- 
bers. We are told that the Yancos on the Ama- 
zon could not get beyond the number three, be- 
cause they could not express that idea by any 
phraseology more simple than Poetterrarorin- 
coaroac.’’—F, Cajori. 
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@ NEW IDEAS FOR THE CLASSROOM 


Edited by Donovan A. Johnson, University of Minnesota High School, 


Editor’s note: New curricula in mathe- 
matics are suggesting more advanced 
topics to be included in high school mathe- 
matics courses. The following articles con- 
tain unique presentations of ideas related 
to complex numbers. You are urged to 


Minneapolis, Minnesota 


send the editor ideas that you have found 
successful when teaching mathematical 
concepts. These reports need not be 
lengthy or profound. Let us hear from 
you soon about your favorite “trick of 
the trade.” 


Rotation of axes with complex numbers 


by Robert M. Rippey, Lyons Township High School, La Grange, Illinois 


The derivation of the formula for the 
rotation of axes is simplified considerably 
when complex numbers are used for the 
new co-ordinates of the point. The proof 
below allows the student to make use of 
what he already knows about complex 
numbers. The proof also has the advan- 
tage of being independent of a cumbersome 
diagram. At the same time, it gives the 
student an opportunity to use mathemati- 
cal ideas in a way that illustrates the 
depth and power of these ideas. The fol- 
lowing proof has been used successfully 
with a class of gifted high school juniors 
which I have had the good fortune to 
teach. 


1. If the vector r+7y is drawn from the 
origin, then rotation of the axes through 
a positive angle @ is equivalent to ro- 
tating the vector through an angle —9. 


. The rotation of a vector through an 
angle @ is accomplished by multiplica- 
tion by Cis 6 where Cis @ is (cos 06+7 
sin @). 


. The new co-ordinates of the point (x, 
y:) are found by multiplying the vector 


(x+ty) by the vector (cos (—6)+7 sin 
(—8). 
= (x+iy)(cos (—6))+7 sin 
=(zr+ty)(cos 6—7 sin @) 
=x cos sin 0+7y cos 0 
sin 0 
=z cos 6+y sin 
+i(y cos @—z sin @) 
cos 6+y sin 0 


cos sin 6 


Implicit throughout this proof is the 
fact that we have a one-to-one correspond- 
ence between each of the following: or- 
dered pairs of real numbers, co-ordinates 
of points in a plane, vectors centered at 
the origin, and complex numbers. 

It is this one-to-one correspondence 
which permits us to shift from the ordered 
pair (x, y) to the point (z, y) and from this 
point (z, y) to the vector (x+#y). For 
further information about complex num- 
bers the reader is referred to the Appen- 
dices of the Report of the Commission on 
Mathematics. 
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Complex numbers and vectors 


in high school mathematics 


by Arthur H. Pedley, Canajoharie Central School, Canajoharie, New Y ork 


Complex numbers and their trigonomet- 
ric forms have not received their fullest 
use in secondary schools. Too often they 
are introduced and perhaps extended to 
the point that shows students how com- 
plex numbers are plotted on the complex 
plane—then the subject is dropped. Some 
textbooks carry the matter further and 
show how complex numbers may be added 
and subtracted graphically and then 
couple this with an introduction to the 
trigonometric forms of complex numbers. 
Very few textbooks have been found that 
carry this graphic analysis far enough to 
show students how to apply this knowl- 
edge to the addition and subtraction of 
vectors and the resulting possibilities for 
new ways to solve familiar problems in 
mathematics as well as in physics. 

To illustrate the use of complex num- 
bers and their trigonometric forms in the 
solutions of two common problems in 
plane trigonometry, three areas in com- 
plex numbers and vectors should be clear. 

First, the student should learn to plot 
complex numbers on the complex plane 
and represent a complex number by its 
trigonometric form r(cos A+ sin A), 


Figure 1 


P 
a+ bi 


r(cosA + i sinA) 


where r is the modulus and A is the angle 
between the positive side of the real axis 
and the modulus. This means that point P 
(Fig. 1) can be represented by both the 
complex number a+bi and by its trigono- 
metric form r(cos A+z sin A), where 
r=V/a+bh? and A=tan- b/a (where 
tan! b/a is used to represent arctangent 
b/a). 

Second, the student should be familiar 
with the law of the parallelogram in vector 
analysis. The sum of two vectors whose 
direction, magnitude, and sense are known, 
can be found by forming the parallelogram 
whose adjacent sides are the two known 
vectors and whose diagonal drawn from 
the vertex formed by these two vectors is 
the sum vector. This means that in paral- 

lelogram ABCD (Fig. 2) AB represents a 
vector with length a, AD represents a vec- 
tor with length b, and AC represents the 
sum vector. Since the magnitude, direction, 
and sense of both vector AB and vector 


AD are known, orienting the parallelo- 
gram as illustrated with vertex A on the 
origin of the complex plane and side AB 


Figure 2 


b ( cosA +i sin A) 
p+ai 


r 


B 
a(cosO° +i 
a+Oi 
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b(cosA +i snA) 
p+qi 


a( cos O°+i sin O°) 
a+Oi 
Figure 3 


along the positive side of the real axis 
allows point B to be represented by a(cos 
0°+7 sin 0°) and point D by b(cos A+i 
sin A). Each of these trigonometric forms 
of complex numbers can be expressed in 
their complex number equivalents, point 
B by a+0i and point D by, say, p+qz. 
Upon addition, the resulting complex 
number represents point C of diagonal AC. 
Hence point C is represented by the com- 
plex number (p+a) +qiand the magnitude 
of vector AC=1/(p+a)?+@q@ and its di- 
rection or angle CAB=tan~q/p+a. With 
this information, triangle ABC can be 
completely solved. 

The third and final area in complex 
numbers and vectors that should be clear 
is that the diagonal DB of parallelogram 
ABCD (Fig. 3) is the difference vector of 
the two vectors AB and AD. (Notice the 
correspondence between Figure 2 and Fig- 
ure 3.) The direction, magnitude, and 


sense of DB as a vector can be taken from 
B to D or from D to B. If taken from B to 
~ 


D, vector BD represents vector AD minus 

vector AB. If taken from D to B, vector 


DB represents vector AB minus vector AD. 

Relating Figure 2 and Figure 3 and tak- 

ing the direction, magnitude, and sense 


of the difference vector DB of Figure 3 
from B to D, so that it represents the 


vector AD minus AB with magnitude 
V(p—a)?+q and its direction angle 
Z=tan—'qg/p—a. Now the supplement of 
angle Z is angle ABD. With this informa- 


tion triangle ABD can be solved. 


Assuredly the difference vector BD 
could have been taken with the opposite 
sense 80 that i it would represent the vector 


AB minus AD. Solutions, however, appear 
simpler if they are taken as illustrated. 

Two problems have been selected to 
illustrate how this information can be ap- 
plied to solve problems met by every 
student of plane trigonometry. 

The first problem was taken from a New 
York State Regents Examination in 
Trigonometry and reads: Two forces of 33 
pounds and 47 pounds, respectively, act on 
a body at an angle of 45° 40’ with each 
other. Find, to the nearest ten minutes, 
the angle formed by the resultant and the 
greater force. 

Since the common method of solution 
is based upon the law of tangents, this 
method will be compared with the solution” 
using complex numbers and their trigono- 
metric forms. 

Solution by the law of tangents: 


cta_ tan 3(C+A) 
c—a tan 4(C—A) 
40 tan 22° 50’ 
7 tan $(C—A) 
7 tan 22° 50’ 
40 
log tan 3(C— A) =8.8673—10 
1(C—A) =4° 13’ 
angle CAB =18° 37’ 
Correct answer: 18° 40’ 


tan 3(C—A)= 


33 


A 47 B 


Figure 4 


Solution by complex numbers and their 
trigonometric forms: 


Point B: 
47(cos 0°+7 sin 0°) =47+0: 
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Point D: 
33(cos 45° 40’+7 sin 45° 40’) 

= 23.0604 + 23.60497 
Point C: 70.0604 +23.60497 
23.6049 
angle CAB =tan-!————— = 18° 37’ 
70.0604 


Correct answer: 18° 40’ 


Figure 5 


The second illustrative problem shows 
the use of complex numbers and their 
trigonometric forms as applied to the dif- 
ference vector. This problem was taken 
from a New York State Regents Exam- 
ination in 11th-Year Mathematics and 
reads: “In triangle ABC, BC=84, AC 
=36 and angle C=93°. Find angle A to 
the nearest minute.” 

Again, the common method of solution 
is based upon the law of tangents and 
hence this method will be compared with 
the solution using complex numbers and 
their trigonometric forms. 

Solution by the law of tangents: 
a+b tan $(A+B) 
a—b tan 3(A—B) 
5 tan 43° 30’ 
2 tan 3(A—B) 
2 tan 43° 30’ 
tan 3(A—B)= — 
log tan }(A — B) = 9.5792—10 
—B) =20° 47’ 
angle A = 64° 17’ 
Correct answer: 64° 17’ 
Solution by complex numbers and their 
trigonometric forms: Notice the orienta- 
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84 


C "36. A 


Figure 6 


tion of the triangle ABC so that vector c 
~ > 
equals vector a minus vector b. 
= 
Vector b: 36(cos 0°+ sin 0°) =36+0i 
Vector a: 84(cos 93°+7 sin 93°) 
= — 4.3932 +83.88247 
Vector c: —40.3932+83.88241 


Direction of vector c is indicated by angle 

P. 
83.8824 

<P =tan-'————— = tan“! — 2.0766 

— 40.3932 

angle P = 115° 43’ 

angle A =64° 17’ 

Correct answer: 64° 17’ 


Figure 7 
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These two problems merely illustrate 
what can be done by using complex num- 
bers and their trigonometric forms. Other 
applications should certainly become evi- 
dent, and students should be encouraged 
to be alert for applications to other prob- 
lems in the mathematics classroom as well 
as in classes in physics. 

The school in which these methods of 


solution have been taught is a small one 
with a graduating class of less than one 
hundred. Nevertheless this approach has 
always aroused the interest of students of 
trigonometry. With the reported increase 
in the use of complex numbers in college 
physics courses, vector solutions may well 
be of considerable help to students who 
enter college. 


Letter to the editor 


Dear Editor: 


I am a student at Base Line Junior High 
School, and my algebra teacher, Mr. Norton, 
told us about the article ‘‘A Puncheard ‘Adding’ 
Machine Your Pupils Can Build,’’ by Larew M. 
Collister, in your October magazine. He had 
forgotten to bring it, but he remembered that 
there were cards with notches on the top edge 
corresponding to their binomial notations. Wires 
are put through the holes, and the card with the 
number someone has chosen is found. We 
worked on binomial and other systems last 
year, so we were familiar with the working of 
the charts. 

That night I worked out a method that 
seemed to fill most of these requirements and 


later made a deck of these cards which worked 
quite well. I believe that this method is much 
easier. It involves only one shaking; you don’t 
have to think out whether to take the ones that 
fell out or the ones that remained; and only one 
falls on the floor. 

Here’s how you would find 11. The person 
who has chosen the number tells you that it is 
on chart A, so you put a wire through hole A on 
the “Is on” side. It’s on B too, so you put one 
in B on the same side. Since the number doesn’t 
appear on chart C, put another wire in hole C on 
the ‘‘Isn’t on”’ side. After you do this with the 
other charts, hold the wires, shake the deck, 
and a card marked “11” will fall out. 

In writing the binomial notation on the 
cards, the left-hand side of the cards use a ‘“‘V”’ 
for a one and a “0” for a zero and the right side 
has a “OQ” for one and ‘“‘V”’ for zero. The digits 
are reversed on both sides so hole A will be at 
left and F at right in normal reading order. 

The reason for cutting notches twice for each 
number is that, for instance with eleven, using 
only the left side, not only the eleven card would 
fall out, but also seven others (15, 27, 31, 43, 47, 
59, 63). The wires in the ‘“‘Isn’t on C, E, and F’”’ 
holes hold the other cards in the deck. 

This device demonstrates sets, can be con- 
sidered an “adding machine,’”’ and may be used 
to sort the cards in the same way as Mr. Col- 
lister’s deck. 

Sincerely yours, 
Hu McCuttocu 
Boulder, Colorado 
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Reviews and evaluations 


BOOKS 


Elements of Calculus and Analytic Geometry, 
George B. Thomas, Jr. (Reading, Mass. 
Addison-Wesley Publishing Co., Inc., 1959). 
Cloth, x +580 pp., $7.50. 


Elements of Calculus and Analytic Geometry 
is based on Thomas’s earlier text, Calculus and 
Analytic Geometry, and contains material con- 
cerned with analytic geometry and with the 
calculus of functions of one independent variable. 
The language is particularly clear and the illus- 
trations are well chosen. The format is excellent; 
the use of formulas in display boxes, italics, and 
varied type styles all enable the author to en- 
force his points of emphasis. Miscellaneous prob- 
lems at the end of each chapter give exercises to 
challenge the better students. 

An illustration of the care with which Pro- 
fessor Thomas approaches a topic is found in 
the first chapter where, in accordance with the 
best current usage, function is restricted to 
single-valuedness and is defined as a set of 
ordered pairs and the extent of domain and 
range is duly noted (page 17). The problem of 
multiple-valuedness arising from the consider- 
ation of the inverse function is not by this de- 
vice wholly averted, however, as is seen in the 
solution of problems on page 24. An early intro- 
duction to the graphs of the absolute value func- 
tion and the “greatest integer function’’ pro 
vides the student with graphs illustrating im- 
portant properties. Professor Thomas brings in 
the e—é6 concept of limit and presents an inter- 
esting and helpful analogy to a manufacturer 
offering a product within ‘tolerance limit’’ 
specifications. Continuity, with an early dis- 
tinction between ordinary continuity and uni- 
form continuity, is similarly treated with great 
care in the second chapter. The usual type of 
applications follow in the third chapter: re- 
lated rates, curve tracing, maxima and minima. 
Rolle’s Theorem and the Mean Value Theorems 
with applications conclude the chapter. 

Analytic Geometry is studied in the next two 
chapters. The fundamental principle of duality 
between a curve and the equation determining 
it is well stated here. It appears that the term 
graph introduced earlier (page 18) should be re- 
lated to curve. Perhaps it would have been 
preferable to define graph more precisely as ‘“‘the 
set of all points and only those points whose co- 
ordinates form a pair which belong to the func- 
tion,”’ to make graph conform to the later notion 
of curve. The same remark applies to the defini- 
tion of graph of a polar equation on page 227. 


Edited by Kenneth B. Henderson, University of Illinois, Urbana, Illinois 
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Some standard trigonometric formulas are de- 
veloped in an interesting fashion using the co- 
ordinate system. The conic sections are thor- 
oughly discussed, and the equations for rotation 
are related to the trigonometric addition for- 
mulas. The invariants under rotation and the 
information yielded by them are developed 
here. Newton’s method for approximating roots 
of equations is treated in an excellent fashion, 
and the remarks on the accuracy of the method 
and its limitations are quite appropriate. Polar 
co-ordinates are discussed in the following chap- 
ter. 

Integration is introduced in the sixth chap- 
ter by first studying the indefinite integral. Dif- 
ferentiation and integration of the sine and 
cosine functions are treated together. After com- 
puting the area under a curve, the fundamental 
theorem of the calculus is studied. The trape- 
zoidal rule for approximating the integral is 
quite naturally inserted at this stage. The usual 
applications to volumes and length and surface 
area follow. The cuts illustrating the volumes are 
particularly good. Applications to physics are 
given in the next chapter. Centroids, the 
theorems of Pappus, moments of inertia, the 
radius of gyration, hydrostatic force, and work 
are treated. Remarks such as that relating 
moments to statistics should prove interesting 
and helpful. 

Transcendental functions are differentiated 
and integrated in Chapter Eight. The analysis 
of the inverse trigonometric functions is excel- 
lent, and the rationale of the choice of range of 
principal values is particularly well developed. 
In the next chapter, techniques of integration 
are given due consideration. In addition, im- 
proper integrals and Simpson’s rule for approxi- 
mating a definite integral appear here. The 
properties of vectors and parametric representa- 
tion are combined to advantage in the last 
chapter. Professor Thomas’s examples illustrat- 
ing the fact that the Cartesian equation ob- 
tained by eliminating the parameter from 
parametric equations might be comprised of 
additional points not belonging to the locus of 
the parametric equations are particularly good. 
Vector components of motion and curvature are 
treated here also. 

This book appears to be particularly well 
suited to the high school calculus course offered 
under the Advanced Placement Program. If this 
text were used in an introductory course to 
calculus in a college curriculum, the material on 
functione of more than one variable—partial 
differentiation and multiple integrals—usually 
given in such a course would of necessity be de- 
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ferred to a subsequent course.— Harold Tinnap- 
pel, Bowling Green State University, Bowling 
Green, Ohio. 


An Introduction to Mathematics, Donald W. 
Western and Vincent H. Haag (New York: 
Henry Holt and Company, Inc., 1959). 
Cloth, xi+580 pp., $7.50. 


Our net impression of this book as a text for 
college freshmen is a favorable one. We think it 
a worthwhile addition to the growing number of 
texts which deviate radically from the tradi- 
tional college algebra, trigonometry, and ana- 
lytic geometry pattern. The essentials of each 
of these fields are, however, included in the text 
even though the number of pages devoted to 
the aforementioned topics is certainly less than 
it has been in the traditional sequence. 

The book is written on much the same pat- 
tern, but on a somewhat less abstract level, than 
the Allendorfer and Oakley text with which tHe 
reader may be familiar (reviewed in the De- 
cember 1955 issue of THe MaTHEemMatics 
TEACHER). The research mathematician will 
probably not be entirely in sympathy with the 
oftentimes heuristic argument, wordy exposi- 
tion, and the many examples which appear to 
impede logical development. But as a text for 
the average student, it is the better, we feel, for 
proceeding at a deliberate, if not always rigor- 
ous, pace. 

To give the reader an idea of the content of 
the book, we list the chapter headings. 1. Logic, 
2. The Natural Numbers, 3. The Complex Num- 
ber System, 4. Extensions of Logic to Algebra, 
5. Numerical Calculations, 6. Algebra of Sets, 
7. Analytic Geometry and Functions, 8. The 
Probability Function, 9. Circular Functions, 10. 
Lines and Vectors, 11. Conie Sections, 12. 
Limits of Sequences and the Definite Integral, 
13. Limits of Functions and the Derivative, 14. 
The Calculus, 15. Curve Tracing, 16. Matrices, 
17. Analytic Geometry of Three Dimensions. 
Since this is more material than can be covered 
in a year, the authors suggest in the preface that 
a terminal course consist of chapters 1-14 and 
that a prescience course consist of Chapters 
1-11 and 15-17. 

We are pleased to see the new topics for this 
level found in the book, but we are not com- 
pletely satisfied with the organization of the 
material, particularly from Chapter Seven on. 
There is a lack of continuity in this part of the 
text in our opinion. We prefer to see the analytic 
of two and three dimensions treated simul- 
taneously and the direction cosines and direc- 
tion numbers used in two dimensions. For the 
prescience student we would prefer that some of 
the space devoted to calculus be spent on more 
space geometry. We feel this would be of more 
value than precise definitions of continuity and 
the Fundamental Theorem of the Calculus are 
going to be to the student taking the suggested 
terminal course. 

We are pleased with the chapter on trigo- 
nometry. One reason is that it contains only 


four pages devoted to the traditional triangle 
problems. The treatment accorded graphing 
trigonometric functions also appeals to us. 

The inclusion of matrices and their applica- 
tion to solving systems of equations is long 
overdue in books at this level. In the analytic 
geometry material on conics, we were pleased to 
find a brief discussion of Dandelin spheres. 

We realize it is currently fashionable to 
emphasize the function concept. However, we 
wonder whether making the notion appear more 
sophisticated than it is—at least in the re- 
viewer’s opinion—by introducing sometimes 
useless distinctions between equations, relations, 
and functions and introducing new terminology 
such as ‘‘f-function” actually results in greater 
clarification of the concept. 

There are errors here and there, some prob- 
ably due to poor proofreading. On page 21, 
Example 5 should read “Definition 7(c)’’ in- 
stead of ‘‘7(d).”’ On page 318, we have proven, 


in effect, that the projection of A on B equals 
> 


the projection of B on A for arbitrary vectors. 
We also take exception to the mathematical 
induction proof, page 53, of ‘‘n(n +1) is a multi- 
ple of 2.” The inductive assumption reads, 
“Assume P(k) true: k(k+1) is a multiple of 2; 
that is, k(k +1) =6c for some natural number 
c.”’ The 6 is not a misprint, for the final line of 
the proof is, “(k+1)(k+2) =2[3c+(k+1)].” 
Unfortunately there are infinitely many values 
of k for which there exists no natural number c 
satisfying the inductive assumption and the 
final equation in the proof. This example will 
hardly serve as model proof by induction. 

For the most part, the authors are successful 
in making use of the principles of logic of Chap- 
ter One in later chapters. A liberal number of 
exercises requiring proofs are scattered through 
most of the sets of problems. Another desirable 
feature of the text is the inclusion of graphs in 
the answer section. But where proofs are re- 
quired, these are not given in the answer sec- 
tion. Consequently the book can be utilized to 
its fullest only in the hands of a competent 
instructor. 

The text contains interesting, pertinent his- 
torical material, including mention of the proof 
of the impossibility of solving the general poly- 
nomial equation of degree five and higher by 
formula. Also, many sets of problems contain 
exercises requiring reading in other books and 
journals.—Arnold Wendt, Western Illinois Uni- 
versity, Macomb, Illinois. 


Introductory Calculus, Donald 8. Richmond 
(Reading, Mass.: Addison-Wesley Publish- 
ing Co., Inc., 1959). Cloth, xv +205 pp., 
$5.50. 


Professor Richmond has long enjoyed a 
reputation for singularly effective exposition 
of topics in introductory mathematics. The 
present volume is a good example of why this is 
so. It succeeds admirably in achieving its ob- 
jective of giving a clear, modern presentation of 
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calculus for students in grade twelve or for col- 
lege freshmen. The emphasis is on basic con- 
cepts, such as continuity, limit, function, etc., 
and these ideas emerge with clarity. 

This is a short introduction to calculus; it 
does not cover an entire freshman-sophomore 
college course (as, for example, G. B. Thomas’ 
Calculus and Analytic Geometry manages to do); 
in particular, there are no chapters on conver- 
gence of infinite series, or the algebra of vectors, 
or several independent variables. What is in- 
cluded has been carefully chosen to give the 
beginner a correct idea of the nature and uses of 
calculus. 

This is a gentle introduction, a pleasant one, 
an accurate one, and a ‘‘modern” one. With luck, 
it may help to dispel the forbidding aura with 
which the study of calculus has been unjustly 
cloaked.—Robert B. Davis, Syracuse University, 
Syracuse, N.Y., and Yale School Mathematics 
Study Group, New Haven, Conn. 


Learning to Use Arithmetic, F. Lynwood Wren, 
et al. (Boston: D. C. Heath and Company, 
1959). Cloth, vi+378 pp., $2.68. 

Although this book follows a traditional out- 
line of the content for grade seven, the approach 
to the subject matter is more modern than that 
of many of the seventh-grade textbooks on to- 
day’s market. New topics are approached to de- 
velop meaning first and then definitions and 
skills. The authors have done a fine job, in 
general, of taking the mystery out of mathe- 
matics and replacing the mystery with mean- 
ing. For instance, there are discussions of the 
meanings of addition, subtraction, multiplica- 
tion, and division, followed by pages on ‘‘When 
Do You Use Addition?” ... Subtraction?” 
and so on, with appropriate illustrative exer- 
cises. 

Alternate methods for solution of various 
types of problems are provided so that students 
may see that there are different ways for solv- 
ing problems. They may then choose the method 
they consider best. Considerable emphasis also 
is placed upon estimation of answers and the use 
of the estimates to judge the reasonableness of 
solutions to problems. Sets of exercises and 
questions are spaced throughout the text to help 
students learn the important skill of estimating 
answers, 

The meaningful approach is illustrated fur- 
ther by the care that the writers of this text have 
taken to eliminate some of the “dirty words” 
(mathematically speaking) ordinarily found in 
seventh-grade textbooks. For example, the 
words “carry,” ‘“‘borrow,’”’ “cancellation,” and 
“reduce” appear only once as the ideas tradi- 
tionally associated with each of these terms are 
explained as meaningful mathematical proc- 
esses. The ‘dirty words’ are then dropped in 
favor of more meaningful expressions. On the 
other hand this same precision in language is 
violated by some of the definitions found in the 
glossary of the book. For example, the base of a 
geometric figure is defined as ‘‘the side on which 
the figure rests’ (p. 369). An angle is “the figure 
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formed by two intersecting lines’ (p. 369). At 
least four angles are formed by two intersecting 
lines. The authors also cling to the word “‘invert” 
in preference to taking the “reciprocal” of the 
divisor in dividing fractions; To invert, say the 
authors, is ‘‘to turn upside down” (p. 370). The 
definitions above could have been more per- 
cisely stated. 

In the chapter on geometry, the authors vary 
from more standard practice by developing the 
formulas for the areas of the common rectilinear 
figures and the circle in this order: rectangle, 
right triangle, square, circle, parallelogram, and 
the general triangle. This sequence appears to 
be no better than, and perhaps not as good as, 
the more traditional sequences. There are bet- 
ter ways, in the opinion of this reviewer, to de- 
velop the area of the circle than that shown in 
this book (pp. 320-21). The discussion of pi also 
leaves much to be desired. The implication 
seems to be that pi is the rational number 3.14 
rather than an irrational number (pp. 309, 310, 
321). Volumes are not considered at all in this 
text. 

Although there is reasonably good coverage 
on each topic in the book, a few opportunities 
were missed for tying the topics more closely 
together. For instance, in explaining the multi- 
plication of fractions and whole numbers the 
commutative principle of multiplication is used, 
but this important principle is not generalized 
for all numbers known to the student (p. 80). 
In another case, tests of divisibility by 2, 3, 4, 5, 
6, 8, and 9 are given (p. 43), but this information 
is not related to its use in changing fractions to 
lowest terms or to finding the least common de- 
nominator of a group of fractions. 

‘ Special features of the text beyond those men- 
tioned above include a glossary, pages devoted 
to the history of mathematics, mathematical 
recreations, and a wide variety of types of tests. 
There appears to be an over-categorization of 
evaluative instruments in the book which has 
pages devoted to ‘Practice to Remember,” 
“Review,” ‘‘Maintenance Test,” ‘Diagnostic 
Test,” “Readiness Tests,’’ ‘‘Test on Problems,” 
“Test on Meanings,’”’ and ‘‘Test on Skills.” 

Summarizing, it should be said that the 
principal strength of this book resides in the 
care which the authors took to develop meanings 
and to take the mystery out of mathematics. 
Although there are weak points in the text, its 
strengths outweigh its weaknesses. The book is 
certainly worthy of consideration for ‘‘the mid- 
dle seventy per cent’ of seventh grade 
youngsters. It would probably have to be sup- 
plemented considerably for a superior class in 
seventh grade mathematics.—Eugene P. Smith, 
Chairman of Secondary Mathematics, Wilming- 
ton Public Schools, Wilmington, Delaware. 


Mathematics for the Academically Talented Siu- 
dent, edited by Julius H. Hlavaty (Washing- 
ton, D. C.: National Education Association 
and National Council of Teachers of Mathe- 

matics, 1959). Paper, 48 pp., 60¢. 

This report of a conference sponsored jointly 
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by the NEA project on the academically tai- 
ented student and the NCTM is interesting, in- 
formative and encouraging. The booklet con- 
tains very little that is ‘‘new,’’ but it is helpful 
to find assembled many concrete aids to thought 
and action. Administrators and mathematics 
teachers in the junior and senior high schools 
will find it worth reading. 

The educators follow a safe and sane middle 
path, making no specific recommendations. 
However, they have prepared practical sugges- 
tions for placing the mathematically talented 
student, planning courses of study suitable for 
such students and providing them with a truly 
enriched extracurricular program. These sug- 
gestions are broad enough to assist administra- 
tors and teachers in either large or small schools. 

Institutes, with which everyone is familiar, 
always prove beneficial, but much can be done 
on one’s own time to “keep up” or “catch up” 
by worth-while reading. The many teachers who 
hesitate to accept the challenge presented by the 
talented student will be encouraged by the ap- 
pendices which include an extensive subject- 
matter bibliography for teachers (with books 
you haven’t read!) ; a list of paperback books; and 
something you have been looking for—a brief 
bibliography of reference and enrichment ma- 
terial graded to indicate interest and degree of 
reading difficulty. 

Mathematics for the Academically Talented 
Student should be on your bookshelf. No better 
buy for sixty cents!—Sister Marie Celeste, 
O.P., Trinity High School, River Forest, Illinois. 


Mathematics in Secondary Modern Schools, A 
Report Prepared for the Mathematical As- 


sociation for Consideration by All Concerned 
in the Teaching of Mathematics in the Sec- 
ondary Schools (London, England: G. Bell 
and Sons Ltd., 1959). Cloth, vi+221 pp. 
This bulletin is a report by a subcommittee 
of the Teaching Committee of the Mathematical 
Association. The study began in 1946 with an 
interim report in 1949. This report is a compan- 
ion report to the Primary Report and should be 
considered as a continuation of it. The report 
deals with mathematics instruction for ages 11 
to 15 though not for the ablest of this age group. 
One of the principles emphasized is the im- 
portance of fresh approaches at each level, of the 
need for activities in the pupil’s sphere of ex- 
perience and the treatment of mathematics as a 
functional subject at the present time, doing 
such things as weighing, measuring, and count- 
ing money. Chapter 3 deals with the practical 
topic as a teaching method. The authors empha- 
size that all pupils need actual experience and 
experimentation. The study of mathematics 
should be adjusted to fit the environment. 
Many potential topics are listed as illustrations, 
which should help teachers a great deal in in- 
struction. The mathematics taught should also 
be adjusted to the major area of study—voca- 
tional, handicraft, nursing, etc. 
Chapter 4 defines “‘remedial’’ as work needed 
for students who have missed instruction or who 


are far behind, while “revision’’.is that recently 
broached but not yet mastered. Attitude is very 
important. Where remedial work is needed be- 
cause a student was not sufficiently experienced 
when it was first introduced, his added exper- 
ience may require a presentation completely 
different from the first. Initiative must be left 
to the student; do not show him everything. In 
Chapter 5 it is recommended that homogeneous 
groups be established when possible and that 
emphasis in instruction be placed on the manner 
of doing as opposed to the result. It might also 
be possible to provide for student differences 
through time allowances and a variety of text- 
books. Extended use gives better understanding 
than periods of isolated practice. 

Part II outlines rather carefully the content 
to be taught and studied in the years 11 to 15. 
It is pleasant to note the emphasis on mathe- 
matics as a language, the idea of number sys- 
tems, quantities that can be presented by num- 
bers, and operations with all kinds of numbers. 
Other topics included are algebra, graphing, 
co-ordinate geometry, Euclidean geometry, vol- 
ume, symmetry, loci, and trigonometry. Trigo- 
nometry is used to unify the algebra and the 
geometry. There is suggested work in surveying, 
navigation, mechanics, statistics, and perspec- 
tive drawing. 

It seems to the reviewer that this is a very 
helpful bulletin and that it emphasizes again and 
again the need for introducing things through a 
new approach, motivating the pupil, and de- 
veloping attitudes conducive to good mathe- 
matics study by all.—Philip Peak, Indiana Uni- 
versity, Bloomington, Indiana. 


Modern Mathematics—Topics and Problems, 
Daymond J. Aiken and Charles A. Beseman 
(New York: McGraw-Hill Book Company, 
1959). Paper, iv-+140 pp., $1.48. 

This is a workbook that, in my opinion, will 
be useful for presenting the modern point of view 
to any secondary or junior high class that either 
has studied elementary algebra from a tradi- 
tional point of view or is currently studying ele- 
mentary algebra from a traditional textbook. 
I believe that such classes will greatly increase 
their understanding of algebra by carefully 
working the exercises of the first six chapters 
under the direction of a skillful teacher who 
knows how to use modern ideas in a traditional © 
setting. 

The explanations of such concepts as set, 
universe, variable, solution set, ordered pair, 
function, intersection and union of sets are short, 
accurate, and for the most part understandable. 
The many varied exercises following brief ex- 
planations of each concept are designed to en- 
hance understanding and lead to discovery of 
deeper insights. A few of the exercises involve 
knowledge and concepts that many ninth 
graders do not possess. The explanations of con- 
cepts and ideas as given in the workbook will 
require much amplification by the teacher. A 
teacher who knows the ordered-pair definition 
of a funetion will understand the following 
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(italics are mine): “If a relation contained two 
different ordered pairs with the same first 
member, then the vertical at that first co-ordinate 
would cut the graph of the relation in two dis- 
tinct points.’”’ I doubt that students will under- 
stand this sentence. It would be more under- 
standable if the word ‘co-ordinate’ were re- 
placed with the word ‘“‘member.’’ However, the 
examples for study which follow this explanation 
make the idea clear, and by the time the exer- 
cises are completed I am sure the students will 
understand the idea even though they may not 
be able to state it accurately. 

At the end of each chapter there is a page 
titled “‘Show That You Know.”’ With this device 
the authors effectively summarize the main 
ideas of the chapter and at the same time pro- 
vide the teacher with a convenient means of 
evaluating student progress. There are also tests 
at the end of each chapter. 

The pages of this workbook are perforated 
for easy removal. There is a teacher’s answer 
book which looks exactly like the student’s book 
except that the answers are written in red in the 
spaces that are left blank for the student. The 
book contains a bibliography and an index. 

There are ten chapters in the book. The titles 
of the chapters are. ‘‘Introduction to Sets’; 
“Universe and Variable’; ‘Conditions and 
Solution Sets’’; ‘‘The Number Line’’; “Ordered 
Pairs and Conditions with Two Variables’’; 
“Functions”; ‘‘Intersection of Sets’; ‘Union of 
Sets’’; ‘‘More About Sets and Set Operations’”’ ; 
and “First Notions in Statistics.” 

The teacher using this book needs to have a 


thorough understanding of set theory and needs: 


to know how to use the ideas gained from this 
book to increase understanding and compre- 
hension of usual work in secondary mathematics 
classes. Ideas gained from this book are of little 
use to secondary mathematics in and of them- 
selves but can be a tremendous asset throughout 
the student’s further study of mathematics if 
his teachers make proper, continuous, and in- 
telligent use of them. Therefore, I highly recom- 
mend this book for use in mathematics classes of 
those teachers who are well trained in modern 
mathematics and who can use the ideas of mod- 
ern mathematics to explain traditional subject 
matter.—Clayton Gardner, White Plains High 
School, White Plains, New York. 


BOOKLET 


Mathematical Needs of Prospective Students, 
College of Engineering, University of Illinois, 
Revised Edition. University of Illinois Bulle- 
tin, Vol. 56, No. 51, 1959. Distributed by the 
Office of Field Services, College of Educa- 
tion, University of Illinois, Urbana, II. 
Paper, 28 pp., 50¢. 

The primary purpose of this bulletin is to 
give a digest of the minimum content of high 
school mathematics programs necessary for pro- 
fessional education in engineering. This is ac- 
complished by listing topics in algebra, geome- 
try, and trigonometry. The bulletin is directed 
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to teachers who prepare students to enter engi- 
neering at the University of Illinois, but the list 
of mathematical competencies given in this bul- 
letin will be very helpful to high school counselors 
and teachers of mathematics throughout the 
nation, regardless of the colleges their students 
plan to attend. 

A unique feature of the bulletin is the fact 
that the selected topics are classified in two 
categories: (1) those which are considered in- 
dispensable and (2) those which are considered 
desirable but supplementary. This is excellent. 

The bulletin emanates from the work of fac- 
ulty members from the College of Engineering, 
the Department of Mathematics in the College 
of Liberal Arts, and the College of Education. 
The co-operative effort of various college staffs 
is uncommon, but certainly laudable. 

This bulletin is a revision of a similar one 
published in 1951. Three changes are evident in 
the revision: 1. The addition of topics; 2. The 
shift of topics no longer considered indispensable 
to the supplementary list; 3. The alteration of 
the statement of certain topics or their place- 
ment in the list to indicate more clearly the na- 
ture of the knowledge signified. 

The authors are to be commended for mak- 
ing these changes. They are cognizant that 
mathematics is a dynamic subject, characterized 
by growth and new applications, and that these 
may not be found in the curriculum. They also 
realize that the traditional curriculum fails to 
reflect adequately the spirit of contemporary 
mathematics. 

The list of topics in secondary mathematics, 
an understanding of which is considered to be 
indispensable for prospective students in the 
College of Engineering, is the ‘‘meat’’ of the 
bulletin. A reiteration—this list should prove 
exceedingly helpful to all teachers of high school 
mathematics. 

Under “Indispensable Topics’ on page 9 one 
finds these four categories: Basic Concepts, 
Algebra, Geometry, Trigonometry. Twelve topics 
are listed under Basic Concepts. Several of these 
topics listed are skills and not concepts. This is 
just a matter of semantics. A better word could 
have been chosen for Concepts, possibly the word 
Competencies. 

Other subjects briefly treated are ‘‘Programs 
for Gifted Students” and ‘‘Experimental Cur- 
ricula.”’ A more detailed discussion of these sub- 
jects would have been very advantageous. 

One will find a list of books suggested for the 
high school library as sources of supplementary 
material. Many such lists can now be found, but 
the selection is excellent. 

Sample questions from the placement exami- 
nations given entering engineering students at 
the University of Illinois are provided in the ap- 
pendix to illustrate the general level and char- 
acter of knowledge expected. These questions 
will be very welcome. 

Paraphrasing, one might say, ‘‘Valuable in- 
formation contained in a small package.’’— 
Milton W. Beckman, U.S. Office of Education, 
Washington, D.C, 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


The Committee on Co-operation with 
Industry of the National Council contin- 
ues to seek to publicize instances of co- 
operation between industry and students 
and teachers of mathematics on the local 
level. 

The Industry Aids to Education Pro- 
gram opened in 1956 when the New 
England Council’s Industrial Research 
Committee began to consider ways to 
strengthen New England’s economic 
growth. The program has a full-time man- 
ager and with a grant from the Ford 
Foundation in 1958 has achieved many 
specific results. Those of interest to teach- 
ers and students of mathematics include: 


The Lexington Plan, which is a co- 
operative industry education approach 
to attract new graduates into teaching. 
Arthur D. Little, Inc., Sanders Asso- 
ciates, and RCA are the participating 
companies. 


A lecture series in Natick, Massachu- 
setts, to be given by outstanding special- 
ists from industry for teachers of science 
and mathematics. 


Arrangements for distribution of surplus 
or used electronic parts to a number of 
schools far from industrial centers. 


A study of educational film sponsorship 
by industry. 


Mathematics and industry—a report 


by Marie S. Wilcor, Chairman, Committee on Co-operation with Industry 


Mr. Austin W. Fisher, Jr., chairman of 
the program’s steering committee, states 
that “... schools have needs which can- 
not be filled by money alone. These needs 

, involve the knowledge of people and ma- 

, terials and information for teaching which 

industry can supply at relatively little cost 

from its already established productive 
resources.” 

Two New York City high schools have 
received excellent co-operation from IBM 
in connection with courses in Program- 
. ming for an Automatic Digital Computer 

for superior twelfth-grade students. The 
schools are Bronx High School of Science 
and the William Howard Taft High 
School. The Watson Laboratory of IBM 
provided instructors to teach the high 
school teachers, an unlimited amount of 
materials of instruction, including all 
necessary manuals concerning the different 
machines needed in programming, IBM 
cards by the thousands for the students to 
punch their instructions and data, and as 
much machine time on the 650’s as was 
needed for the students actually to dis- 
cover whether their programs worked. 

Teachers in these New York schools 
have been experimenting with courses to 
see how they can use the programming as 
a core around which to teach selected 
topics in mathematics. For example, in the 
theory of numbers, they now have system- 
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atic methods of locating prime numbers, 
the sum of the divisors of numbers, perfect 
numbers, etc. They can introduce iteration 
methods for the solution of algebraic equa- 
tions, finding the nth roots of numbers, 
and can use infinite series to make tables 
of trigonometric functions. 

In the West, the Kennecott Copper 
Corporation made a grant for a research 
study of the teaching of integrated mathe- 
matics in Roosevelt Junior High School 
and East High School in Salt Lake City, 
Utah. The company has shown a consider- 
able interest in education and has a large 
research laboratory on the campus of the 
University of Utah. 

‘In Wichita, Kansas, various industries 
supply speakers and act as hosts at the 
annual dinners for teachers of science and 
mathematics sponsored by the Wichita 
Professional Engineering Society. This 
society also assists by supplying speakers 
for various teachers’ meetings. 


Instances of co-operation continue to be 
prominent in Southern California. Numer- 
ous industries supply prizes and pay for 
dinners for winners in the annual science, 
engineering, and mathematics fairs. In 
local fairs, engineers from industry assist 
in the judging. The Jet Propulsion Labora- 
tory provided speakers for seventeen high 
schools and junior college classes in mathe- 
matics and science in Pasadena. A special 
science seminar for capable students was 
given last year at Pasadena High School 
from 7:00 A.M. to 8:00 A.M., with a large 
number of speakers from science and in- 
dustry. A large block of time was devoted 
to modern aspects of mathematics and an 
introduction to calculus. The Occidental 
Life Insurance Company and the Ac- 
tuarial Society assist with judging and 
awards for the Occidental College Mathe- 
matics Field Day, a competition that 
arouses keen interest among high school 
mathematics students. 


Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THe MaArTHE- 


THIRTY-EIGHTH ANNUAL MEETING 
April 20-23, 1960 


Statler-Hilton Hotel, Buffalo, New York 
Louis F. Scholl, Board of Education, Buffalo 2, 
New York 


JOINT MEETING WITH NEA 


June 29, 1960 
Los Angeles, California 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 
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NCTM convention dates 


MaATics TEACHER. Announcements for this col- 
umn should be sent at least ten weeks early to 
the Executive Secretary, National Council of 


Teachers of Mathematics, 1201 Sixteenth Street, 


N.W., Washington 6, D.C. 


TWENTIETH SUMMER MEETING 


August 21-24, 1960 

University of Utah, Salt Lake City, Utah 

Eva A. Crangle, Board of Education, Salt Lake 
City 11, Utah 


NINETEENTH CHRISTMAS MEETING 
December 27-30, 1960 


Arizona State College, Tempe, Arizona 
Lehi Smith, Arizona State College, Tempe, Ari- 


zona 


x 
if 
= 
Te 
i 
i 
f 
4 
¢ 
24 
Lie 


Other professional dates 


Mathematics Section, Maryland State Teachers 
Association 

March 26, 1960 

Towson State Teachers College, Towson 4, 
Maryland 

W. Edwin Freeny, President, 507 Milford Mill 
Road, Pikesville 8, Maryland 


The Association of Mathematics Teachers of New 
Jersey 


March 26, 1960 

Trenton State College, Trenton, New Jersey 

Gail B. Koplin, 14 Schuyler Drive, Clark, New 
Jersey 


Association of Teachers of Mathematics of New 
York City 


March 26, 1960 

Room 846, Washington Irving High School, 40 
Irving Place, New York, New York 

Lee Batch, New Utrecht High School, Seven- 
teenth Avenue and Eightieth Street, Brooklyn, 
New York 


April 30, 1960 

Teachers College, Columbia University 

Leona Freeman, Morris High School, New York, 
New York 


Illinois Council of Teachers of Mathematics 


March 26, 1960, East St. Louis, Illinois 

April 2, 1960, Normal, Illinois 

April 9, 1960, Macomb, Illinois 

April 11, 1960, Charleston, Illinois 

April 16, 1960, Carbondale, Illinois 

April 30, 1960, Cicero, Illinois 

T. E. Rine, Illinois State Normal University, 
Normal, Illinois 


Mathematics Section, New York Society for Ex- 
perimental Study of Education 


April 8, 1960 

Grace Dodge Hall, Teachers College, Columbia 
University, New York, New York 

John A. Schumaker, Secretary, Montclair State 
College, Upper Montclair, New Jersey 


The Ontario Association of Teachers of Mathe- 
matics and Physics 

April 19-20, 1960 

Ontario College of Education, Toronto, Ontario 

Father John C. Egsgard, St. Michael’s College 
School, Toronto 10, Ontario 


Association of Teachers of Mathematics of New 
York State 

April 21-22, 1960 

Statler-Hilton Hotel, Buffalo, New York 

Pauline Morris, 207-D Kenville Road, Buffalo 
50, New York 


The Nebraska Section of the National Council of 
Teachers of Mathematics? 

April 30, 1960 

Lincoln Public Schools Administration Building, 
720 South Twenty-Second Street, Lincoln, 
Nebraska 

Monte S. Norton, 720 South Twenty-second 
Street, Lincoln, Nebraska 


Association of Mathematics Teachers of Phila- 
delphia and Vicinity 

May 5, 1960 

McCallister’s, 1811 Spring Garden Street, Phila- 
delphia, Pennsylvania 

Alexander Beck, 1032 East Phil-Ellena, Phila- 
delphia 50, Pennsylvania 


Women’s Mathematics Club of Chicago and 
Vicinity 

May 7, 1960 

Stouffer’s Restaurant, Randolph and Michigan, 
Chieago, Illinois 

Sarane Starr, 5424 South Cornell Avenue, 
Chicago 15, Illinois 


Chicago Elementary Teachers’ Mathematics Club 

May 9, 1960 

Private Dining Room, Toffenetti’s Restaurant, 
65 West Monroe Street, Chicago, Illinois 

Ramona H. Goldblatt, Burley School, Chicago, 
Illinois 


Twelfth Annual Institute for Teachers of Mathe- 
matics, sponsored by ATMNE 

August 24-31, 1960 

University of New Hampshire, Durham, New 
Hampshire 

George R. Smith, Saint Paul’s School, Concord, 
New Hampshire : 
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Tracmaster 


This 


Chalkboard 


simple unit ma 


kes it possible for you to plot the 


most intricate lines, angles and curves directly onto your 


Math and science teachers spend a great 
deal of time at the chalkboard demon- 
strating geometric constructions, trig 
functions and general mathematics. With 
the old standbys—the wooden compass, 
the straightedge, the T-square and the 
protractor—this is awkward and time- 
consuming. You can have much more time 
during your classroom periods for actual 
teaching and you can demonstrate more 
effectively with the all-new Post Chalk- 
board Tracmaster. 


Eliminates errors 


The Post Chalkboard Drafting Machine 
features numbered grid graduations every 
ten inches along the horizontal and ver- 
tical beams. This gives you a dimensional 
reference pattern so you can locate X-Y 
coordinates rapidly. You establish refer- 
ence points and draw long lines without 
the possibility of errors, without the extra 
work involved in repeated scale extensions. 

The protractor gives full 360° visibility 
of all angles. It offers automatic 15° in- 
dexing stops . . . ball-bearing indexing 
head . . . powerful base line setting . . . 
vernier clamp for locking in-between 
angles. Sturdy horizontal and vertical 
beam clamps lock the protractor and scale 
at the position you want. 


blackboard. 


for faster, more accurate rendering 


Please mention THE MATHEMATICS TEACHER when answering advertisements 


A conical hole at the end of the scale 
serves in compass fashion as a point lo- 
cator and holder. 

You can erase work quickly with the 
Post Tracmaster Chalkboard Drafting 
Machine. The Y-beam has a special hinge 
at the top which permits you to lift the 
protractor and scales, leaving the draw- 
ing surface free. 

Economical 

This drafting machine is easy to install. 
It comes in a variety of sizes to fit chalk- 
boards of any length or width. You’ll find 
the small initial outlay for a Post Chalk- 
board Drafting Machine is justified by the 
convenience and accuracy it puts at your 
fingertips, by the valuable hours it saves 
you for more creative teaching. 

This equipment, classified as a teaching 
aid, is available to schools under terms 
of the National Defense Education Act. 
Please address your mail inquiries to 
Educational Division, Frederick Post 
Company, 3650 North Avondale Avenue, 
Chicago 18, Illinois. 
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ANALYTIC GEOMETRY 
Third Edition 


By JoHN W. CELL, North Carolina State College. The third edition of this 
famous text features the same original, unhackneyed approach to the subject 
which made the previous editions so successful. A major revision, however, has 
been made in the problem material, and the quantity and quality of the problems 
included in this edition represents one of the major advantages afforded by the 
book. Frequently, only partial answers are given to problems—-so that the student 
is obliged to check his work carefully. In addition, for many of the problems 
more than one method of solution may be used—with the result that the student 
learns to choose between the various available methods, thus acquiring mathe- 
matical maturity. The use of the locus derivation method for finding equations 
is strongly emphasized, and traditional formulas are omitted wherever problems 
can be solved as effectively through the use of graphical analysis. Each chapter 
ends with a review outline which suggests to the student improved methods of 
study. 1960. 330 pages. $4.95. 


BASIC CONCEPTS of 
ELEMENTARY MATHEMATICS 


By WitutaM L., ScHaarF, Brooklyn College. This book affords the reader a 
genuine insight into the precise nature of mathematics as an intellectual discipline. 
Rather than show sow to perform mathematical operations, the author shows 
why these operations work. His view is that an acquaintance with the unifying 
concepts and fundamental ideas of modern mathematics together with an appre- 
ciation of the deductive nature of mathematical thought is the key to the proper 
understanding and effective teaching of the subject. Written in an informal yet 
forthright style, the book discusses such topics as: the nature of number and 
enumeration, the logical structure of arithmetic, the number system of arithmetic 
and of algebra, informal and formal geometry, computation, measurement, func- 
tional relations, and certain concepts of statistics and probability. A total of 650 
examples, problems, and questions is included along with a generous amount of 
references for further reading and study. 1960. 386 pages. $5.50. 


Send for examination copies. 


JOHN WILEY & SONS, Inc., 
440 Park Avenue South, New York 16, N.Y. 


Please mention THE MaTHEMATiIcs TEACHER when answering advertisements 
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Texts for Twelfth- Year Courses 


WRITTEN BY EXPERIENCED AND DEDICATED TEACHERS 


FUNDAMENTALS 
OF MATHEMATICS 


By E. P. Vance, 
Oberlin College 


A unified treatment of the basic ideas of algebra, 
trigonometry, and analytic geometry, together with 
a substantial introduction to calculus. It offers the 
fundamentals of college mathematics needed by any 
student, whether he wishes to continue in mathemat- 
ics, the natural sciences, or engineering, or whether 
his interests lie in the social sciences or economics. 
Having mastered the material contained in the 
book, the student should be well prepared to study 
mathematical logie, finite mathematics, statistics and 
probability, or to continue in calculus. 
469 pp, 150 illus, 1960—$7.50 


ELEMENTS 
OF MODERN 


MATHEMATICS 


By Kenneth O. May, 
Carleton College 


An introductory textbook for college students, pre- 
senting the basic concepts and tools of modern 
mathematics. Topics treated include logic, elemen- 
tary theory of sets, relations and functions, calculus, 
probability and statistical inference. Only a back- 
ground of high-school algebra and plane geometry is 
required. 

The book contains applications to the humanities, 
arts, biology, and the social sciences, as well as to the 
physical sciences and engineering. 

607 pp, 250 illus, 1959—87.50 


INTRODUCTORY 
CALCULUS 


By Donald E. Richmond, 
Williams College 


Designed for a one-semester course in calculus, this 
text presupposes no knowledge of trigonometry or 
analytic geometry. It is eminently suited for use in 
conjunction with a semester course in finite mathe- 
matics or in statistics, offered to students with a 
background of three years of secondary-school 
mathematics. 

207 pp, 132 illus, 1959—$8$6.75 


CALCULUS WITH 


ANALYTIC GEOMETRY 


By Donald E. Richmond 


also recommended for reference and for teacher training 


A text for a two- or three-semester course, containing 
the material in the author’s briefer book, plus eight 
additional chapters. The author’s aim has been to 
develop each chapter about a central idea and to 
emphasize the nature of mathematical thinking. 

485 pp, 290 illus, 1959—$8.75 


ADDISON-WESLEY PUBLISHING COMPANY, Inc. 
Reading, Massachusetts, U.S.A. 


Please mention THe MatHematics TEACHER when answering advertisements 
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BETZ * MILLER Everyday General Mathematics 

MILLER * MITCHELL Book One, Revised Edition—just published 
TAYLOR Book Two 

KENISTON * TULLY High School Geometry—just published 
POTTER Mathematics to Use, Revised Edition 


POTTER * NEITZEL Mathematics for Success, New 1960 Edition 
ROOT ¢ ENRIGHT 


McMACKIN ¢ MARSH The Arithmetic of Better Business 
BATEN 
SMITH ¢ FAGAN Mathematics Review Exercises 


Algebra, Books One and Two, Revised Editions 
Plane Geometry 
Solid Geometry 


L N 
WELCHONS Essentials of Solid Geometry Including Spherical 
KRICKENBERGER Geometry—{pamphlet} 


PEARSON Introduction to Sets & the Structure of Algebra— 
(pamphlet) 
Trigonometry with Tables 


AND COMPANY Home Office: Boston 


New York 11 Chicago 6 Atlanta 3 
Dallas 1 Palo Alto Toronto 16 


SEND FOR FULL INFORMATION 


Please mention THE MATHEMATICS TEACHER when answering advertisements 


| 

ig 

4 

= avn 

| 
2 mer 
ss27’/. x 
| 
=. 
for high schools. 
‘ 
Wate 
+ 

| 

att 

i 

: 

fs 


Do you have this. helpful serucs ? 


NO. 


NO. 


NO. 


How to Use Your Bulletin Board 
Donovan A. Johnson and Clarence E. Olander 


Make your bulletin board a genuine teaching aid. Discusses purposes, 
appropriate topics, supplies needed, techniques, and “tricks of the trade.” 
Illustrated with reproductions of actual displays. 


12 pages. 50¢ each. 


How to Develop a Teaching Guide 
in Mathematics 
Mildred Keiffer and Anna Marie Evans 


Tells how to develop teaching guides in mathematics to meet your local 
situation. 


Discusses steps in the development of a guide, principles involved, con- 
tent, and use. 


Contains an annotated bibliography of reference materials. 
10 pages. 40¢ each. 


How to Use Field Trips in Mathematics 


Donovan A. Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 


Are field trips worth the time and effort? 


Discusses types of field trips, purposes, where to go, how to plan, fol- 
low-up activities, and the like. 


Gives examples of actual field trips. Interestingly illustrated. 
8 pages. 35¢ each. 


How to Use Films and Filmstrips 
in Mathematics Classes 
Robert Volimar and Philip Peak 


Discusses the selection and use of films and filmstrips, including atti- 
tudes, objectives, preview and selection, procedures for effective use, and 
evaluation. 


Illustrated with frames and descriptions of actual films. 


Gives a bibliography of publications which aid in film selection, with a 
directory of producers and distributors. 


14 pages. 50¢ each 


How to Use Your Library in Mathematics 
Allene Archer 
A discussion of purposes, outcomes, reference materials, topics, and 
projects. 
Gives information on historical reports, things to make, mathematicians, 
quotations. 


6 pages. 40¢ each. 


All items in the How-To Series are punched for three-ring binder. 
This feature permits you to keep the entire series for ready reference. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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FIRST YEAR 
ALGEBRA 


SECOND YEAR 
ALGEBRA 


by 

WALTER W. HART 
VERYL SCHULT 
HENRY SWAIN 


These new algebras by HART, SCHULT, and 
SWAIN will help you to make algebra really 
interesting and really valuable to your students. 
They will like the bright appearance of the 
books . . . the easy style . . . the sure, gradual 
pacing of new skills and rules . . . the apt illus- 
trations . . . the absence of contrived problems 

. . and the practical nature of all the material 


covered. 


Answers, Teacher's Manuals, and Keys. 


D.C. HEATH AND COMPANY 


TWO NEW MATHEMATICS TEXTS 


FIRST COURSE IN GEOMETRY 


GENERAL MATHEMATICS, Second Edition 


Two new books of the ten-book MALLORY MATHEMATICS SERIES 


by outstanding authors 


Mallory-Meserve-Skeen 

Highly important in this new textbook is the 
natural melding of plane and solid geometry. Col- 
lege entrance requirements and all published 
standards of cities and states are fully met. 


Mallory-Skeen-Meserve 

This is a first course in general mathematics. So- 
cially useful mathematics, simply and directly 
stated, prepares students for competent and happy 
citizenship. 


THE L. W. SINGER COMPANY, INC. 


249-259 W. Erie Boulevard, Dept. 91 
Syracuse 2, New York 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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FROM OUR COMPLETE MATH SERIES 


5 TEXTS FOR BEGINNING STUDENTS 


A complete basic text in arithmetic with a 
unique arrangement of thousands of graded 


ARITHMETIC FOR COLLEGE > 
STUDENTS cal language promotes a clearer understand- 


examples in computation. Simple, non-techni- 


Edwin |. Stein ing and lays a sound foundation for higher 


mathematics. 


An adaptation of the best-selling Edgerton- 
Carpenter High School algebra, this text 


covers the material usually found in first year ELEMENTARY ALGEBRA FOR 


high school algebra. Thousands of exercises COLLEGE STUDENTS 
divided into average and harder groups plus Myron R. White 


progress checks provide ample work for all 


students. 


Adapted from the Edgerton-Carpenter algebra 
for second year high school, this text offers 


INTERMEDIATE ALGEBRA FOR > 3 
over 5000 graded exercises. Students are en- 
COLLEGE STUDENTS couraged to draw their own conclusions 


Myron R. White through the abundance of clearly presented 


problem solutions and the related exercises. 


Another adaptation of a high school text, 
this book offers simple explanations, orderly PLANE GEOMETRY FOR 
arrangement of exercises and activities, and < 

an abundance of practice materials. Students COLLEGE STUDENTS 


are encouraged to think for themselves and William C. Stone 


avoid memorization or mere guesswork. 


This text enjoys striking success in conveying 
to freshmen and general students what mathe- 
ELEMENTS OF matics is. Number, proof, measurement and 
MATHEMATICS function are the four broad aspects which 


are developed. Emphasis is on understanding 


J. Houston Banks 


rather Shan development of manipulative 
skills. 


Available to you from... 


ALLYN and BACON College Division 


150 Tremont Street, Boston 11, Massachusetts 


Please mention THe MaTHematics TEACHER when answering advertisements 
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THE FUNCTIONAL 
MATHEMATICS SERIES 


By Gager and others 
IS CATCHING ON 


because it is an integrated program—complete for grades 7 
through 12 


because it provides grade-by-grade development and review 
of basic mathematics concepts 


because it has meaning for the average students as well as for 


accelerated groups 


FUNCTIONAL MATHEMATICS has been bought and used 


successfully in 46 states and in hundreds of school systems. 


For further information, write to 


CHARLES SCRIBNER’S SONS 


EDUCATIONAL DEPARTMENT, 597 Fifth Ave., N.Y. 17, N.Y. 


MATHEMATICAL 
TEACHING MODELS 


For every course where geometry is used, taught or applied, 
there is a model available for use. Theorems can be illustrated 
in seconds, and the impact of an exact picture remains fixed 
in the student's mind. These models are suitable for courses in: 


@ PLANE GEOMETRY THEY HAVE THESE 
© SOLID GEOMETRY OUTSTANDING ADVANTAGES: 
@ DESCRIPTIVE GEOMETRY @ CLEAR PLASTIC 
@ MECHANICS @ LIGHT WEIGHT 
@ MECHANICAL DRAWING © CONVENIENT SIZE 
© INDUSTRIAL DESIGN @ MODERATE COST 
© SINGLE UNITS OR SETS 


The clear plastic models permit the instructor to show the student 

where diagonals intersect INSIDE the bodi The sing models in 

mechanics show the student what happens when gears mesh; the 

block type models permit the building of figures; the sets show the 

sections made by the intersections of cones and other solid figures MODEL 132: Plane section 
by planes and by each other. Hundreds of models are available for of a right circular cylinder 
almost every conceivable application. (ellipse). 


SPECIAL DISCOUNT SCHEDULE FOR SCHOOLS, COLLEGES AND UNIVERSITIES 
WRITE FOR COMPLETE CATALOG 


Please mention THe MatHematics TEACHER when answering advertisements 
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GRADUATE SUMMER SCH: 


L FOR TEACHERS 


ARE YOU HE WHO WOULD ASSUME A 
PLACE TO TEACH...HERE IN THE STATES? 
THE PLACE IS AUGUST, THE TERMS 

OBDURATE. 


WALT WHITMAN 


The following courses in mathematics will be offered: 


Applied Algebra 


Introduction to Vector Algebra 
Introduction to Probability and Statistical Inference 


Calculus 


Topics in Modern Algebra 


Topics in Geometry 


Mathematical Analysis 


Probability Theory 


These will be taught by Professors Robert 
A. Rosenbaum, W. Warwick Sawyer, Henry 
E. Kyburg and Ernest C. Schlesinger of the 
Wesleyan faculty, and by Visiting Professors 
George M. Garrison and Bernard Sohmer of 
The City College, New York, and Walter J. 
Klimezak of Trinity College, Hartford. 


The courses are designed especially for teach- 
ers, the classes are small (average enrollment: 
ten per section), the student is able to discuss, 
question, obtain individual attention. 


In addition to formal courses there will be 
daily, non-credit lecture-discussions on the 
teaching of mathematics (particularly the ‘‘new 
mathematics” ), available without charge to any 
student enrolled for credit in at least one course 
in mathematics. The lecturer and discussion 


CLASSES JULY 7 


leader will be Mr. Robert Pruitt, formerly 
chairman of the mathematics department, Niles 
Township High School, Skokie, Ill., now a 
candidate for the Ph.D. in mathematics at Ohio 
State University. 


The complete curriculum of the Summer 
School includes courses in art, astronomy, 
biology, chemistry, economics, geology, gov- 
ernment, history, literature, mathematics, 
music, philosophy, physics, psychology, re- 
ligion, and expressive writing. 


Students who wish to complete a coherent 
program for thirty hours of credit may become 
candidates for the degree of Master of Arts in 
Liberal Studies or for the Certificate of Ad- 
vanced Study. Candidates and non-candidates 
are equally welcome. 


—AUGUST 16, 1960 


For further information please write to 
Math Major, Summer School, 
Box 39 Wesleyan Station, Middletown, Conn. 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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HOUGHTON 
MIFFLIN 
COMPANY 
BOSTON 


Sales Offices: 
NEW YORK 16 
ATLANTA 5 
GENEVA, ILL. 
DALLAS |! 
PALO ALTO 


TEACHING 
HIGH SCHOOL 
STUDENTS THE 
FUNDAMENTAL 
PROCESSES OF 

ALGEBRA 

AND THEIR USES 


ALGEBRA 
for 
Problem Solving 
BOOKS | AND I! 


FREILICH BERMAN 
JOHNSON 


each. 


Binders for the 
MATHEMATICS TEACHER 


This lasting, library-style binder is de- 
signed to hold eight issues (one volume) 
either temporarily or permanently. Dark 
green in color with the words “MATH- 
EMATICS TEACHER” stamped in 
gold on cover and backbone. Issues may 
be inserted or removed separately. $2.50 


Postpaid if you send remittance with 


order. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


Please mention THE MATHEMATICS TEACHER when answering advertisements 


MATHEMATICS BOOKS 
@ Analytic Geometry and Calculus 
ABRAHAM SCHWARTZ, City College of 
New York 

Intended for a rigorous course, this text bal- 
ances theory with technique, drill, and ap- 
plication. Included in the exercise sections 
are many problems designed for the excep- 


tional student. April 1960, 750 pp., $9.00 
(probable) 


@ Introduction to Analytic 
Geometry and Linear Algebra 
ARNO JAEGER, University of Cincinnati 


The first analytic geometry text to introduce 
the important study of linear programming, 
this rigorous book is distinguished by its em- 
phasis on the algebraic aspects of analytic 
geometry. April 1960, 250 pp., $5.50 (prob- 
able) 


@ Algebra and Trigonometry 
EDWARD A. CAMERON, University of 
North Carolina 

Among significant features: An introduction 
to modern concepts of sets and functions; 
both a review of elementary trigonometry, 
and advanced work treating the circular func- 
tions of real numbers. March 1960, 350 pp., 
$4.00 (probable) 


m@ Elementary Statistics 

SIDNEY F. MACK, The Pennsylvania State 
University 

Designed to give the nonmathematician an 
appreciation and an understanding of basic 
ideas and methods of statistics, this book pre- 
sents statistics as an applied mathematical sub- 
ject. 1960, 192 pp., $3.50 (probable) 


HENRY 
HOLT 


AND CO., INC. 
NEW YORK 
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An Important Question 
for Teachers and Counselors: 


SHOULD HE TAKE ALGEBRA 
OR GENERAL MATHEMATICS? 


The new Survey Test of Algebraic Aptitude, devised by Robert E, Dinkel, is designed to 
help answer this question. It is nationally normed and specially devised for use in making 
important decisions for course selection and grouping purposes in the eighth and ninth 
grades. This test furnishes a single score from 40 minutes of testing time and may be 
either hand or machine scored. Part of the new California Survey Series, it is being 
published at this time in response to demands of educators all over the United States. 


FEATURES... 
® Easily administered in one class period 


New CAL-CARD or conventional IBM answer 
sheets may be used 


Colitornie Survey Series 


Survey ws ot — Aptitude } 


Two norm groups for comparison 


Manual describes how to build your own 
expectancy table 


High reliability and validity 


For details, write to: 


CALIFORNIA TEST BUREAU 


5916 Hollywood Bivd., Los Angeles 28, California 


Please mention THE MaTHEMatTiI¢s TEACHER when answering advertisements 
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NEW 


mathematics series for 
the junior high school 


These two new texts by Brown, Gordey, Sward, and 
Mayor offer a continuous development of modern 
mathematical concepts. The First Course stresses the 
meaning and structure of mathematics. The Second 
Course develops these concepts in a refreshingly sensi- 
ble and modern manner. Both texts were tested for a 
period of three years with students of varying abilities. 
Long experience has shown the authors that students 
are capable of learning—and enjoy learning—true 
mathematics. Therefore these texts emphasize the 
meaning and structure of mathematics and place less 
emphasis on “social” mathematics. 


At the end of each chapter there is a review and test. 
In addition there are cumulative tests throughout and 
an appendix which includes material for classes need- 
ing extra work. A Teacher’s Guide containing a num- 
ber of teaching and learning aids is available. For ad- 
ditional information, write: 


Prentice-Hall, Educational Book Division, Englewood Cliffs, N.J. 


EIGHT-WEEK SESSION—June 
20-August 12. Announcing 
nineteen courses in mathemat- 


ics including advanced ana- 


THE UNIVERS: scomety, applied mathe 


ITY OF WISCO vos 


bra, elementary topology, 


N SIN Su m me r complex variables, mathemat- 


For further information and your personal copy of the 


Summer Sessions Bulletin, write: Director of Summer 


se ssions ical probability, advanced cal- 


culus, theory and operation of 
computing machines, survey of 
the foundations of algebra, and 
foundations of mathematics. 
Many courses especially de- 
signed for the teacher of math- 


ematics. 


Sessions, The University of Wisconsin, Madison 6. 


Please mention THE MaTHEMATICS TEACHER when answering advertisements 
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Modernize your mathematics 
program— 


with McGraw-Hill books 


ALGEBRA: Its Big Ideas and Basic 
Skills, Books | and Il 


Modern Mathematics Edition 


Modern in content—modern in method. The modern math- 
Aiken, 
ematics edition includes more of the approaches recom- 
Henderson, 
j mended by policy-forming bodies—system, sequence, and 
and Pingry 


patterns in mathematics. 


USING MATHEMATICS Second Edition 


Especially suitable for 9th grade. Introduces useful appli- 
cations of mathematics important in modern living. The 


pa life-situation problems reflect the interests of both girls 
Pin and boys. Presents variables as placeholders for numbers 

atid and other algebra topics from the viewpoint of modern 


mathematics. 


MODERN MATHEMATICS: Topics 
and Problems 


Basic ideas and concepts for unifying and clarifying high 


Aiken 
a schook algebra. Adapts the material of modern mathe- 
aA matics suitable for high school algebra students for use 


with any basic textbook. 


Write for information to School Department 


McGraw-Hill Book Company 


New York 36 Chicago 46 Dallas 2 San Francisco 4 


Please mention THE MaTHEMaTICS TEACHER when answering advertisements 
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The Guided Teaching approach to algebra 
EDGERTON AND CARPENTER'S 


ELEMENTARY INTERMEDIATE 
ALGEBRA ALGEBRA 


REVISED BY MYRON R. WHITE 


This text presents ELEMENTARY ALGEBRA as a 
natural outgrowth of the student’s experiences in arith- 
metic. The text emphasizes the extension of the number 
system to include general, negative, and irrational num- 
bers, and emphasizes the formula and the equation as 
the foundations of algebra. The Guided Teaching ap- 
proach leads the student to discover rules and learn op- 
erations for himself. Chapter tests, cumulative reviews, 
and thousands of graded exercises help him evaluate his 
understanding of the material. 


INTERMEDIATE ALGEBRA contains many of the 
outstanding features of the first-year book, including the ante BES 
Guided Teaching approach, a wealth of graded practice INTERMEDIATE 
material, and a complete testing program. Throughout 
the text the authors emphasize the fact that mathematics 
is a logical system of thought; that the basic principles 
are the same in all its branches. The relationships be- 
tween arithmetic and algebra, geometry and algebra, and 
trigonometry and algebra are continually brought to the 
attention of the student. 


ALLYN and BACON, Inc. 


Boston Englewood Cliffs, N.J. Chicago 
Atlanta Dallas San Francisco 


Please mention THe MATHEeMaTics TEACHER when answering advertisements 
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LEARNING 


MATHEMATICS AID 


@ To promote interest in Mathematical outside activi- 
ties on the part of pupils, we are including an eight 
page section on Mathematics—on the importance of 
Mathematics to individuals and presenting learning aids— 
in our catalog which has a circulation of over a half a 
million so that the importance of Math tics is b ht 
to the attention of many people. 
Some of the learning and teaching aids we will offer are 
shown here. We expect to be a regular advertiser in your 
magazine. Watch our advertisements for new items. We 
will pays appreciate it if you as a teacher will recom- 
mend us to pupils interested in learning aids, books, etc. 


D-STIX CONSTRUCTION KITS 


You can increase interest In geometry and teach 
it better by using D-Stix. Solid geometry is fun 
od pupils when you show them actual visualiza- 
of regular polyhedrons, geometric figures 
——y triangles and cubes through such multiple 
sided figures as icosahedrons, dodecahedrons, etc. 
230 pieces, 5, 6 and 8 sleeve connectors, 2”, 3”, 
4”, 5”, 6” and 8” colored D-Stix, 
Stock No, 70,208-DH ............$3.00 Postpaid 
870 pieces, including 5, 6 and 8 sleeve connectors, 2”, 3”, 4”, 5”, 
6”, 8”, 10” 4 Stix in colors. 
Stock We. Postpaid 
Pieces, includes all items in 70,210 above, ew long un- 
painted D-Stix for use in making your own 
Stock No. 70,211-DH . §7.00 Postpaid 


NEW! GRAPH RUBBER STAMP 


Real time and labor saver for math teachers. 
If your tests require graph backgrounds—no 
need to attach separate sheets of graph paper 
and worry about keeping them straight. Simply 
stamp a graph pattern, 3” sq are as needed on 
each paper. Grading graph problems then be 
comes 100% easier. Graph pattern is 100 blocks 
per square inch. 

Stock No. 50,255-DH (3” square) $3.00 Postpaid 


WOODEN SOLIDS PUZZLES 


Our sphere, cube, cylinder and octagon 


al prism 

wooden puzzles can be a big help in enriching your 
of the volumes and lateral areas of solid 

figures. They are about 2” high. There are 12 puz- 


zies in a set, including anima! figures, etc. Take 
time in your teaching to let your students try to re- 
assemble these solid puzzles. 

Stock No. 70,205-DH Postpaid 


FOR YOUR CLASSROOM LIBRARY 
OR MATHEMATICS LABORATORY 
ABACUS 


Our Abacus is just the thing for your 
gifted students to use in their enrich- 
ment units or for math clubs. It « our 
own design and is 9%” x 7%”. It is 
made of a beautiful walnut wood, win 
| 6 rows 10 counters. Complete in- 
| structions are included with each 
abacus. 
Stock No. 70,201-DH Postpaid 


ABACUS KIT—MAKE YOUR OWN! 


Making your own Abacus is « wonderful project for any math 

class, or math club, or as an enrichment unit. Our kit gives you 

60 counters, directions for making your own A 

tions for using our Abacus.—Makes one A 

Stock No. 60,088- 

Stock No. 70,226-D 

Gives you 

Abacuses. 

Gives you 100 brass rods for making Abacuses. Makes 16 Abacuses. 

INSTRUCTION "BOOKLET 

Stock No. 9060-DH ......... ee 
25 2.00 Pos paid 


Postoald 


SLIDE RULE 


We sell a bargain 10” plastic slide rule, a $7.00 value, for $3.00. 
These are perfect for math clubs, for teacher use, or for students 
wanting to calculate more quickly and accurately. A 14-page in- 
struction booklet 1s Tay free with each rule. 

Stock No. 30. Postpaid 


ORDER BY STOCK NUMBER... 


EDMUND SCIENTIFIC CO. 


SEND CHECK OR MONEY ORDER... 


NEWEST TEACHING AID: 
TRIG AND CALCULUS CARDS 


SS Our newest items that we are offering are 4 
ad il decks of Trig and Calculus Cards. These cards 
S// are ® great asset to any math laboratory or 
math classroom. Now thet more and more ad- 
vanced math is being taught in high schools 
throughout the country, these are just the math 
teaching and learning aid that can be used to 
clinch the learning of trig identities or calculus 
formulas. Each deck contains 52 playing cards, 
plus instructions, and is used to play a game 
similar to Solitaire. Our decks include Differen- 
tial Calculus, Integral Caloulus, Applied Calculus, and Funda- 
mental Identities from Trig. 
Stock No. 40,310-DH—Applied Calculus ..........$1.25 Postpaid 
40,311-DH—Fundamental Identities ... 1.25 Postpaid 
. 40,312-DH—Integral Calculus ..........1.25 Postpaid 
. 40,313-DH—Differential Calculus ...... 1.25 Postpaid 
40,314-DH—Set of all four ............ 4.00 Postpaid 


RADIAN PROTRACTOR 


This aid elim- 
inates the need to learn long tables of equiv- 


hing and } 


computing linear and angular velocity, area 
of circular segments, etc. 


Stock No. 50,265-DH—Pkg. of 25 .......+.++.+-$ 3.75 Postpaid 
Stock No. 50,266-DH—Pkg. of 100 ............$12.50 Postpaid 


NEW, LOW-COST LAB PROJECTOR 
SHOWS EXPERIMENTS ON SCREEN! 


New way to teach chemistry, biology. Project 
on-the-spot experiments, on screen or wall, 
with magnification, actually as they progress. 
Important phases, reactions may be observed 
by student group in revealing size—perfect 
vehicle for clear-cut instruction. Projector 
comes with a 3-element 80mm focal length 
f/3.5 anastigmat lens and a fast 28mm focal 
length, 4-element f/1.2 lens for microslide 
- projection use. Also you get Prism Erecting 
7 system; special elevated slide and specimen 
projection stage; standard 35mm, 2” x 2” 
slide carrier; 35mm strip film holder. Additional accessories 
available—water cooled stage; polarizing filters, petri dishes; 
miniature test tubes and holders; gas absorption apparatus, elec- 
trolytic cells and many others. 


Stock No. 70,230-DH ....... $45.00 Postpaid 


NEW! CIRCULAR SLIDE RULE! 


POCKET SIZE—FAST— 
EASY TO USE! 


Be sa Math Whiz! New Circular Slide 
Rule multiplies, divides, figures fractions, 
percentages, squares, cubes, roots, propor- 
tions, circumferences, areas, retail prices, 
fuel consumption. Eliminates the confusions 
of ordirary slide rules. Priced far lower. 
Faster, easier to learn and use. Constructed 
of 2 aluminum discs with plastic . 8%” . Direo- 
tions included. 


Stock No. 30,336-DH 


FREE CATALOG—DH 


128 Pages! Over 1000 Bargains 


America’s No. 1 source of supply for low- 
cost Math and Science Teaching Aids, for 
experimenters, hobbyists. Complete line of 
Astronomical Telescope parts and assem- 
bled Telescopes. Also huge selection of 
lenses, prisms, war surplus optical instru- 
ments, parts and accessories. Telescopes, 
microscopes, satellite scopes, binoculars, in- 
frared sniperscopes, etc. 


Request Catalog—DH 


-$4.95 Postpaid 


SATISFACTION GUARANTEEDI 


BARRINGTON, NEW JERSEY 


Please mention THE MATHEMATICS TEACHER when answering advertisements 
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: Discovering S 0 LI D S 


A Series of Three Films 
Applying Mathematics Principles to Space Perception 
I. “VOLUMES OF CUBES, PRISMS, AND 
CYLINDERS” 
ll. “VOLUMES OF PYRAMIDS, CONES, 
AND SPHERES” 


oe ill, “SURFACE AREAS OF SOLIDS” 


ART ANIMATION and MODEL DEMONSTRATION 
help develop formulas for finding volumes end areas 
of solids. LIVE FOOTAGE shows the use of these for- 
mulas in practical situetions, Carefully produced under 
the supervision of OR. & H. C. HILDEBRANDT of 
Northwestern University's Department of Methematics, 
these films meet the demands of the re-vitalized mathe- 
matics curriculum. 


“Accurate volume ca PREVIEW PRINTS AVAILABLE 


with the 


Junior High—High School 
18 minutes FILM PRODUCTIONS, INC. 


Color ......$150.00 each (DISTRIBUTION OFFICE) 
B&aW..... 75.00 each 1821 University Ave. St. Poul 4, Minnesota 


—A new enrichment publication 


FIVE LITTLE STORIES 


by W. STRADER 


An entertaining collection of An Unbelievable Month of September 
stories presenting mathemati- 

cal ideas which will challenge wean 

your students. Easy to read, Why X Is Used for the Unknown 


ing fi d 
old, suggestions for addition 
88 Number 


readings. Illustrated. 16 pp. 
50¢ each. The Strange Reciprocal of Seventeen 


Postpaid if you send remittance with order 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention THE MaTHEMaTICcs TEACHER when answering advertisements 
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Welch Coordinate System Charts 
For Chalkboard Use 


Reversible 
Rectangular and 
Polar Coordinates 


No. 7068. 


SLATED CLOTH TYPE 
May be used with regular white or colored chalk 


Rectangular coordinates are on one side and polar coordinates on the other 
side of this green-slated graph chart. They are in constrasting yellow, ac- 
curately ruled. The rectangular graph is 40x40 inches, with each inch 
marked, and the polar chart is 40 inches in diameter with each 5° and 2-inch 
radial divisions indicated. Main lines are heavy. It may be erased easily 
with an ordinary chalkboard eraser or cloth, or washed clean if desired. On 
formed metal chart molding top and bottom. Overall size: 52x44 inches. 


No. 7068. Each, $15.50 
<>—— Write for a Copy 


of the Welch Mathematics 
Instruments and Supplies Catalog 


W. M. WELCH 
1515 Sedgwick Street, Chicago 10, Hlinois, U.S.A, 


Please mention THe MatHematics TkEacHEer when answering advertisements 
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